Mathematica 11.3 Integration Test Results

Test results for the 594 problemsin "1.1.3.8 P(x) (c x)"m (a+b
x"n)Ap.m"

Problem 21: Result more than twice size of optimal antiderivative.

JalB (-b)*?B- (-b)*’Bx

a+bx3

dx

Optimal (type 3, 41 leaves, 3 steps):

/
2 BArcTan [ M}

V3 al/?
\/?31/3
Result (type 3, 129 leaves):
1. 2px
11 (-b)*°B 2x/?((—b)”3—b1/3) ArcTan| il ] +
6a /3 b2/3 \/?

( (—b) 13 b1/3) (2 Log[a1/3 + bl/3 x] _ Log[a2/3 _al/3pl/3 y , p2/3 Xz] )

Problem 32: Result more than twice size of optimal antiderivative.

(-a)?3Cc+2Cx?
J dx

a-8x3

Optimal (type 3, 47 leaves, 4 steps):

4 x

CArcTan [ ﬁ]
N3

2+/3
Result (type 3, 106 leaves):

- ECLog[(—a)1/3+2x]
4

ax
2+/3 (-a)¥3ArcTan| G ] -
V3

C

12 a2/3

2 (-a)??Log[a'’?-2x] + (-a)?? Log[a*? +2a' 3 x+4x*| -a®/? Log[-a +8X%?]
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Problem 33: Result more than twice size of optimal antiderivative.

2 (1)2/3C+CX2
ATy BRI
a+bx3

Optimal (type 3, 50leaves, 4 steps):

1- 2x

2CArcTan[%] CLog[(i)lﬂer}
- +

V3 b b
Result (type 3, 146 leaves):

1 2bY/3x
1 a\2/3 - a\2/3
5. C|-2V3 (—) b2/3 Ar‘cTan[ial/a] +2 (—) b3 Log[a'/? + b1/3 x| -
3a b b A/ 3

a\2/3
(_) b23 Log [32/3 _al3pl/3 x4 p2/3 Xz] +a23 Log [a +b x3]
b

Problem 34: Result more than twice size of optimal antiderivative.

2 (-§)2/3C+CX2
J a-bx3 >

Optimal (type 3, 53 leaves, 4 steps):

2x
( 5)1/3

2CAr‘cTan[?] Clog| (_3)1/3 + x|

1-

V3'b b
Result (type 3, 150leaves):

1 2bY/3 x
1 a\2/3 a\2/3
3 24/3 (——) b2/3 Ar'cTan[ial/;] -2 (——J b%/3 Log[a/? - b¥3 x| +
3a b b A3 b

a\2/3
(_ _) b2/3 Log [a2/3 +al/3pl/3 x4 p2/3 Xz] ~a23 Log [a _b x3}
b

Problem 35: Result more than twice size of optimal antiderivative.

2 (-3)2/3C+CX2
b dx
a+bx3

Optimal (type 3, 54 leaves, 4 steps):
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2x
1+

2CAr‘cTan[%} CLOg[(—ﬁ)lB_x]

+

V3 b b
Result (type 3, 149leaves):

1- 2bY/3 x
1 a\2/3 a\2/3
5. C|-2V3 (——) b2/3ArcTan[7al/3} +2 (——) b3 Log[a'/? + b3 x| -
3a%°b b 3 b

a\2/3
(_ _) b2/3 Log [32/3 _al/3pl/3 x4 p2/3 Xz] +a23 Log [a +b xﬂ
b

Problem 36: Result more than twice size of optimal antiderivative.

2 (i)mchz
J a-bx3 ax

Optimal (type 3, 53 leaves, 4 steps):

2x
1+

()7 2\ 1/3
2 CArcTan| 5 ] _CLog[(;) - x]
V3 b b
Result (type 3, 147 leaves):

14+ 2bY/3 x
1 a\2/3 a\2/3
Cc|2+3 [—) b2/3 Ar‘cTan[ial/S} -2 [—) b%/3 Log[a/? - b¥3 x| +
3a%3p b </ 3 b
a\2/3
(_) b?/? Log [a%/* + a¥/2 b'/3 x + b2/? x2] - 2%/ Log[a - b x*]
b

Problem 41: Result more than twice size of optimal antiderivative.

Jal/B (-b)*?B-2a22C- (-b)*?Bx- (-b)*?Cx? J
X

a+bx?
Optimal (type 3, 88leaves, 4 steps):

2 (bB+a1/3 (—b)2/3c) Ar‘cTan[%ﬁj/i] Clog[at/? - (-b) ]
+

\/?al/'?’b (*b>1/3

Result (type 3, 238 leaves):
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1_2b1/3x
L lavaes (((-b) (-2)2%) B+ 221/ b¥/3 C) ArcTan| —2"—] +
6a1/3b \/?
1

W(—Zb ((— (—b)2/3+b2/3) B.2al3 (—b)1/3 C) Log[a1/3+b1/3 x} .
_p2
(<—b>5/3B+b5/3B+2a1/3 (—b)1/3bC) Log[aZ/S_al/S bl/3 x + p2/3 XZ} B

2a'3 (-b)*? (—b2)1/3CLog[a+bx3})

Problem 44: Result more than twice size of optimal antiderivative.

J‘(Z)”BBQ (%)2/3C+BX+CX2

dx
a+bx3

Optimal (type 3, 71leaves, 4 steps):

2x
1- 2%
(2)1/3

2 (3)2/3 (B+ (ﬁ)mc) ArcTan[%] CLog[(§)1/3+x}
- +

V3 a b
Result (type 3, 247 leaves):

1 a\1/3 a\1/3 _al/3 . 2pl/3x
2+/3 al/3pl/3 (a1/3B+(—) bt/3 [B+2[—J C)]ArcTan[+— +
6ab b b \/3 al’3
a\1/3 a\1/3
2bt/3 (—a2/3B+a1/3(—) bt/3 (B+2(—J CJ Log[a/? + b3 x| +
b b

p1/3 (az/s B_al/3 (i)lB p1/3 (B L2 (3) 13 C)
b b

Log[a®® - a2 b3 x + b¥3 x?| + 2aCLog[a+bx?]

Problem 45: Result more than twice size of optimal antiderivative.

JH)“M(—z)”mwxz

a-bx3

dx

Optimal (type 3, 76 leaves, 4 steps):

2x

2 (8 (-2) ) arctan[ 0] crog] (2] 1]

\/?(75)1/3}3 b

b

Result (type 3, 288 leaves):
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1/3 1/3
1 (a2/3 B_ al/3 (7E)1/3 bl/3 B _ 2 al/3 [73)2/3 b1/3 C) ArcTan[a *2b X,
/3 ab?/3 b b A/3 al/3
(32/3 B+ al/3 (_ 3)1/3 bl/3B 4 2 al/3 (_ ﬁ)2/3 hl/3 C) Log[a1/3 _pl/3 X] 1
3ab2/3 - 6ab2/3

3) 13 bl/3B_2al/3 (7
b

i) 2/3 b1/3 C
b

CLog[a-bx3]

(—a2/3 B_ gl/3 [7
3b

LOg[32/3 Jra1/3 b1/3XJr b2/3 X2} _

Problem 46: Result more than twice size of optimal antiderivative.

)1/3 2/

J—(—i B+2(—§) 3C+BX+CX2d1X

a+bx3

Optimal (type 3, 78leaves, 4 steps):

2x

ay1/3
( /

2 (B_ (_3)1/3c) Ar-cTan[—\VEnJ—] CLOg[(—i)l/B—X]

1+

+

a 1/3 b
V3 (7 b) b
Result (type 3, 253 leaves):
1 a\1/3 a\1/3 _al/3 2 pl/3
24/3 al2pl/3 (a1/3B+ (——] bt/3 (—B+2 [-—) c)) ArcTan[+—X -
6ab b b \/3 al/3

1/3 2/3 1/3 a3 1/3 a3 1/3 1/3 1/3
2bY (a/ B+al’ (——) b/ (B—Z[——) C|| Log[a'/? + b3 x] + b/
b b

(a2/33+al/3 (7?]1/3 p1/3 (sz (75)1/3 C)
b b

Log[a®® - a3 b3 x + b?3x?| + 2aCLog[a+ b x?]

Problem 47: Result more than twice size of optimal antiderivative.

J‘(i)”w(s)“wwxz

a-bx3

dx

Optimal (type 3, 75leaves, 4 steps):

2x

1

2(2)*7 (8- (2)"7 c| arcTan| ] Ccrog[ (3] ]
V3 a b

Result (type 3, 244 leaves):
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1 2bY/3 x
1 a\1/3 a\1/3
_2+/3 al/3p1/3 (a1/3B+ (—] b1/3 (372 (—) c]) ArcTan[—am ] -
6ab b b J3

2 pl/3 (a2/38+a1/3 [i]l/B p1/3 (—B+2 (5]1/3 C)

Log [a1/3 _pl/3 x] N
b b

a\1/3 a\1/3
pl/3 (a2/3B+a1/3(7) pl/3 (—B+2[f] CJ)Log[a2/3+a1/3b1/3x+b2/3x2}—2aCLog[a—bx3}
b b

Problem 59: Result unnecessarily involves imaginary or complex numbers.

J(a+bx3)3/2 (ac+adx+bcx3+bdx4) dx

Optimal (type 4, 585 leaves, 7 steps):

810a3d\a+bx3 54a% (1729 cx+935dx?) Va+bx?
+ +
1729 b2/3 ((1+\/?> al/3 , pl/3 x) 323323
30a (247 187 d x2 bx3)3?
2 (247 cx i BCELLY +—— (19cx+17dx?) (a+bx?)>? -

46189 323

2/3 _ 41/3 h1/3 2/3 2
405 31/4m310/3d (a1/3+b1/3x) a a b X +b X
((1+\/?) ‘-:,1/3+bl/3x)2

13 | at3 e btix

(1+\/?) al’3 + b3 x

EllipticE [ArcSin|

), -7-av3] |/

a1/3 a1/3+b1/3x
1729 b?/3 ( ) 5 Ja+rbx® |+

((1+\/?) a1/3+b1/3x)

54 334+/2.+/3 a3 (1729 bl/3 ¢ - 935 (17\5) a1/3d) (a3 + b1/ x)

a2/3 _ al/3 pl/3 y 4 h2/3 y2 (1 -+/3 ) al/3 4+ bl/3 x
EllipticF [ArcSin|

, -7-44/3
((1+\/?)a1/3+b1/3x)2 (1+\/?)al/3+b1/3x] ) /

1/3 1/3 1/3
323323 b%/3 2 <a rb X> \Ja+bx?

((1+\/?) a:”3+b1/3'x)2

Result (type 4, 349leaves):
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1

323323 (-b)??Va+bx?

2 (—b>2/3x (a+bx?)

(1<a(a1b2x6 (19c+17dx) +7abx3 (9139c+7667dx) +a? (91637c+61897dx)) -

_p)1/3 _p)¥/3 _p)2/3 2
151470 (_1>2/331/4a11/3d\/(_1>5/6 [_1+ ( ) XJ \/1+ ( ) X+ ( ) X

al/3 a1/3 a2/3

\/_ (_1)5/6 _i(b)¥3x

al/3

EllipticE[ArcSin| 1, (_1>1/3] .

31/4

(71)5/6 (—a1/3 . (7b)1/3 x)

al/3

54 j 33/4 gle/3 (1729 (-b)*3 ¢+ 93513 d) J

EllipticF[ArcSin|
al/3 32/3 31/4

1/3 2/3 2 (-1 5/6_u—_ti)%
J““’) . (0 N .

Problem 60: Result unnecessarily involves imaginary or complex numbers.
Jxla+bx3 (ac+adx+bcx®+bdx*) dx

Optimal (type 4, 556 leaves, 6 steps):
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54a2d+Va+bx3 .
91 p2/3 ((1+\/?) al/3 , pl/3 x)

18a (91cx+55dx?) Va+bx® 2

+

5005 143

2/3 1/3 Kwl/3 2/3 2
/ a‘’? —a’?b> x+b%’? x
27 31/4 2 _ /3 a7/3d (61/3 +b1/3 X) \I

(13cx+11dx2) (a+bx3)3/2—

((1+\/?) a1/3+b1/3x)2

1-3 ) al’3 4+ b1/3 x

(1+\/?) al’? + bl/3 x

EllipticE[ArcSin|

|, -7-4v3] |/

a1/3 a1/3+b1/3x
91 b%/3 ( ) ; Ja+bx3 | +

((1+\E) al/3 | pl/3 x)

18 334+/24+/3 a2 (91 bl/3 ¢ - 55 (1—\/3 ) a1/3d) (a3 + b1/ x)

EllipticF [Ar‘cSin

a2/3 _ al/3 pl/3 x4 h2/3 x2 (1—\/?) al/3 + bl/3 x N
,-7-4/3 /
\I((1+\E)a1/3+b1/3x)2 [(1+\/?)a1/3+b1/3x] }

a1/3 a1/3+b1/3x
5005 b%/3 ( ) ; rJa+bx3

((1+\/?) a1/3+b1/3x)

Result (type 4, 329 leaves):
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1

5005 (-b)*?~/a+bx?

2 (—b)2/3x (a+bx’) (1274ac+880adx+455bcx>+385bdx*) -

2970 (-1)%3 314834 | (-1)°° _1+L1/3X
a1/3

\/1+ (—b)1/3x ) (—b>2/3 2

al/3 a2/3

\/ (71)5/6 i(=b)Y3x

al/3

EllipticE[Ar‘cSin[ ], (71)1/3] +

31/4

(_1>5/6 (_a1/3 . <_b>1/3 x)

al/3

1813%4a’? (91 (-b)*’c+ 552" d) \/

J (71)5/6 i(=b)Y3x

al/3

p)1/3 )23 2
\/1+ (-b) ™" x N (-b)""x EllipticF [ArcSin| 15 (’1>1/3]

a1/3 a2/3 31/4

Problem 61: Result unnecessarily involves imaginary or complex numbers.

ac+adx+bcx®+bdx?*
J dx

Vva+bx3
Optimal (type 4, 525leaves, 5 steps):
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./ 3
6advarbx +i(7cx+5dx2)xla+bx3—

7 p2/3 ((1+\/?) al/3 | pl/3 X) 35

2/3 _ 41/3 p1/3 2/3 2
3.3442-4/3 a4/3d(a1/3+b1/3x> 2 ambr X b7 X
((1+\/?) a1/3’+b1/3‘x)2

(1_\/?) al/3 4 pl/3 x

(1+ﬁ) al’? 1 b1/3 x

EllipticE [Ar‘cSin [

|, -7-43]/

Vs al/3 (a1/3+b1/3x) ;
7b ((1+ﬁ)a1/3+b1/3x)2 \/a+bx +

2.3%424+/3 a (702 c-5 (1-+/3 ] ad) (a2 4 b2 x]

EllipticF [ArcSin|

a2/3 _ q1/3 pl/3 y 4 p2/3 y2 (1—\/?) al’3 + bl/3 x 5
-7-4+/3 /
J (1443 ] a3 4t 13 ) Ty |

a1/3 (31/3 + b1/3 X)
35 p2/3 rJa+bx3

([1473) a2 b2 x)?

Result (type 4, 313 leaves):
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1

35 (7b>2/3 Va+bx3

(—b)1/3x

2 (-b)?Px (7c+5dx) (a+bx?) -30 (-1)%3 31/4a5/3d\/ (-1)°>® [-1+ e
a

al/3

\/_ (_1)5/6 _i(b)¥3x

p)1/3 p)23 2
\/1+ (-b) 7 + (-b) 7" EllipticE [ArcSin|

1/3
al/3 a2/3 ]’ <_1> ] +

31/4

_1)5/6 [_51/3 ) 1/3
21 33/4 38/3 (7 (_b)l/B c+5al/3 d) \/ (-1) ( a3+ (-b) x)
a1/3

\/ (71)5/6 _i(=b)Y3x

al/3

_p)1/3 _b)2/3 2
\/1+ ( ) X + ( ) X EllipticF[ArcSin[ ], (’1>1/3]

a1/3 a2/3 31/4

Problem 62: Result unnecessarily involves imaginary or complex numbers.

Jac+adx+bcx3+bdx4

(a+bx3)3’/2

dx

Optimal (type 4, 490 leaves, 4 steps):
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2dvVa+bx3 B
p2/3 ((1+\/?> al/3 . pl/3 X)

2/3 _ 41/3 p1/3 2/3 42
314,02 /3 al/34 (a1/3 +pl/3 x) a aTb X+ Tx EllipticE [
((1+\/?) a1/3+b1/3x)2

17\/?) al/3 | pl/3

(1+\/?) al’3 + b3 x

1/3 (g1/3 | pl/3
]:—7—4\/?} / b2/3 2 <a . X> Ja+rbx3 |+

143/3 ) at? 4 b1 x)?
((1++3) )

ArcSin|

a2/3 _ g1/3 pl/3 x 4 p2/3 x2

( 1+\E) a1/3+b1/3x)2

|, -7-4v3]|/

223 [pPc (1) a2 d) @w3+wux>J

(1_ﬁ) al/3 L pl/3
(1+\/?) al/3 + bl/3

EllipticF[ArcSin|

1/3 1/3 1/3
a a“’? +b*°x
31/4 b2/3 ( ) ’a+bx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 221 leaves):

2a1/3\/ (71)5/6 (7'31/3Jr (fb)1/3x) \/1+ (—b)1/3x ) (—b)2/3 X2

a1/3 al/3 aZ/3

al/3

\/_ (_1)5/6_ i(-b)¥Px
(-1)??+/3 a'/> dEllipticE[ArcSin| o I, (-1)¥] -

\/_ (_1>5/6_ i(-b)¥3x

al/3

i ((—b)1/3c+a1/3d) EllipticF [ArcSin] B

31/4

<71>1/3] /(31/4 (—b)2/3\/m
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Problem 63: Result unnecessarily involves imaginary or complex numbers.

ac+adx+bcx3+bdx?*
J dx

(a+bx3)5/2

Optimal (type 4, 522 leaves, 5 steps):
2x (c+dx) 2d+Va+bx3

- +
3ava+bx3 3ab2/3((1+\5)a1/3+b1/3x)

a2/3 _ a1/3 b1/3 X + b2/3 XZ

((1+\/?) a1/3+b1/3x)2

2.3 d (2?4 b3 x)

=

( 7\5) al/3 4 pl/3 x

(1+\/?) al’3 + b3 x

EllipticE [ArcSin|

|, -7-43]/

1/3 (41/3 , p1/3
a a’? + bt x
33/4 32/3 p2/3 ( ) - AJa+bx3 |+

((1+\/?) a1/3+b1/3x)

a2/3 _ al/3 b1/3 X + b2/3 X2

((1+\/?) al/3 + bl/3 x 2

2205 (0 cs (1T ] a2 d) (22000 x)

13 | at b3 x

EllipticF[ArcSin[(l ﬁ) 1/3 | pl/3
+ ar’ T+ X

|, -7-43]/

s gy pes al/3 (a1/3 . b1/3x> oo
((1+\/?) a1/3+b1/3x)2

Result (type 4, 305 leaves):
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(b x
6 (—b)2/3x (c+dx) +6 (—1)2/3 3174 32/3 ¢ (—1)5/6 (—1+ i
a

+ EllipticE[ArcSin|
al/3 32/3 31/4

1/3 2/3 2 (.1 5/6_%
Jh(b) x  [(-b)¥?x \/( ) o S

_ 5/6 _41/3 -~ 1/3
2 j 33/4 31/3 ((—b)1/3c—a1/3d) \/ ( 1) ( a 1/3+< b> X) \/1+ (‘b)l/?:x . (_b)2/3 x2
a

al/3 a2/3

\/_ (_1)5/6 _i(b)¥3x

). 07|/ [sa (-0 a e

EllipticF[ArcSin|

31/4

Problem 64: Result unnecessarily involves imaginary or complex numbers.

ac+adx+bcx?+bdx*
J dx

(a + bX3)7/2

Optimal (type 4, 554 leaves, 6 steps):
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2x (c+dx) 2x (7c+5dx) 10d+a+bx3
+ - +
9a(a+bx®)*? 27a2+/a+bx 27a2b2/3((1+\/?) a1/3+b1/3x)

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3+b1/3x)2

5+/2-4/3 d(a1/3+b1/3x)\l

1—\/?) al/3 4+ bl/3 x

(1+ﬁ) al’? 1 b1/3 x

EllipticE [Ar‘cSin [

|, -7-43]/

1/3 (g1/3 4 pl/3
9 . 33/4a5/3p2/3 2 (- d ; Na+bx® |+
((1+\/3)a1/3+b1/3x)

a2/3 _ a1/3 b1/3 X + b2/3 X2

(1473 ) a2 02 x)?

242+3 (7b1/3c+5 (1-ﬁ) a1/3d) <a1/3+b1/3x)J

(1_\/?) al/3 | pl/3

(1+\E) al/3 4+ bl/3 x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

1/3 1/3 1/3
a a2 +b*2x
27 3Y%a%p?? ( ) \Ja+bx®

((1+\/?) a1/3+b1/3x)2

Result (type 4, 267 leaves):

23 (—b)z/3 (2ax (5c+4dx) +bx* (7c+5dx)) +

a1/3 a2/3

_p)1/3 Cp)2/3 2
\/1+( xR b |5 (c1)22 vE a2

\/ (71>5/6 _i(-b)Y3x

al/3

E1lipticE[ArcSin| [, (-1)*2] +iav? (7 (-b)*?c-5a'2d]

31/4

al/3

\/_ (_1>5/6 _i(b)¥3x
EllipticF [ArcSin| e ], (-1)*?] / (81 a2 (-b)?? (a+bx3)3/2)
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Problem 65: Result unnecessarily involves imaginary or complex numbers.

ac+adx+bcx3+bdx?*
J dx

(a + bx3)9/2

Optimal (type 4, 581 leaves, 7 steps):

2x(c+dx) 2x(13c+11dx) 2x(91c+55dx)
+ + -
15a(a+bx3)5/2 135 a2 <a+bx3)3/2 405a>+a+bx?
22d+vVa+bx3

+{11+/2-+/3 d (a'?+ b3 )
8127027 ((1++/3 ) a2+ b7 x|

a2/3 _ al/3 pl/3 y 4 h2/3 x2 (1 -+/3 ) al/3 4+ bl/3 x
EllipticE [ArcSin|

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 . pl/3 x

|, -7-4v3]|/

1/3 (g1/3 | pl/3
27 - 33/4 g8/3p2/3 2l (i J ; Ja+bx3 |+
((1+\/?) a1/3+b1/3x)

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a3 p3x)’

242++3 (91 b3 ¢ + 55 (1-ﬁ) a1/3d) (a3 + b1/ x)

=

[

_\/?) al/3 | pl/3
V3| et e pii

EllipticF [Ar‘cSin [

|, -7-4v3]|/

=

1/3 1/3 1/3
a a’? +b*°x
405 31/4 a3 b2/3 ( ) / a+ b X3

1+\E a1/3+b1/3x 2
({243 )

Result (type 4, 287 leaves):
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1
1215a% (-b)?? (a+bx?)>?

23 (7b>2/3 (13abx* (17c+11dx) +b?x’ (91c+55dx) +a?x (157 c +115dx) ) +

a1/3 a2/3

\/1+ (—b>1/3x+ (-5 <a+bx3)2

\/_ (_1>5/6_ i(-b)Y3x

33/4 (71>5/6 14 (—b)1/3x
3l/3
al/3

55 (-1)*° /3 a*?dEllipticE [ArcSin| ” ], (-1)*2] +
3

\/ (71>5/67 i(=b)Y3x

al/3

ial/3 (91 (-b)*?c-55 a1/3d) EllipticF [ArcSin| I, (-1)*7]

31/4

Problem 66: Result unnecessarily involves imaginary or complex numbers.

Jc+dx+ex2+fx3+gx4
X

Va+bx3
Optimal (type 4, 590 leaves, 7 steps):
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2ea+bx? 2fx+va+bx? 2gx?+a+bx3

+ + +

3b 5b 7b

2(7bd-4ag)Va+bx?
7 b5/3 ((1+\/?) al/3 | pl/3 x)

—|3V44[2-+/3 al/3 (7bd-4ag) (a'?+ b3 x)

EllipticE [ArcSin|

a2/3 _ 31/3 pl/3 y 4 p2/3 x2 (1—\/?) al/3 4+ bl/3 x T
-7-4+/3 /
\I<(1+ﬁ)a1/3+b1/3x)2 (1+ﬁ)a1/3+b1/3x], }

1/3 (41/3 , pl/3
a a2+ bt x
7b°/3 ( ) Ja+rbxE |+

((1+\/?) a1/3+b1/3x)2

2+/2+43 (7b1/3 (sbc-2af) -5 (1-%?) al/3 (7bd-4ag)) (a3 + b3 x)

EllipticF [Ar‘cSin [

a2/3 _ al/3 pl/3 y , h2/3 x2 (1—\/?) al/3 4+ bl/3 x N
~7-4+/3 /
\I((1+\E)al/3+bl/3x)2 (1+\/?)a1/3+b1/3x], )

a1/3 (61/3+b1/3 X)
35 34 p3/3 rJa+rbx3

((1+\/?) 31/3+b1/3x)2

Result (type 4, 357 leaves):
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i ! 2(-b)?% (a0 (35¢3x (7F+5gx]) -

105 (-b)**a+bx3

al/3

_1)%/6 [_gq1/3 , (_p)1/3x _p)1/3 _p)2/3 2
30<_1)2/331/4am(7bd_4ag)J( ) (22 (-b) )J“( )k (b)

J_ <_1>5/6 i (-b)Y3x

al/3

EllipticE[ArcSin] 1, (-1)Y?] +213%4a%3

31/4

(_1)5/6 (_a1/3 + (_b>1/3 x)

al/3

(35b ((-b)*?c+av?d) -2a (7 (-b)**fi10ag)) \/

EllipticF [ArcSin|

1/3 2/3 2 — (-1 5/6_1'1_(—_3%

+
al/3 32/3 31/4

Problem 67: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?+fx3+gxt
J‘ ax

(a+bx?) >

Optimal (type 4, 594 leaves, 6 steps):
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2x (bc-af+ (bd-ag)x+bex?) 2e+a+bx3
3abva+bx3 3ab

2 (bd-4ag) Varbx
3ab®/3 (<1+\/?> a1/3+b1/3x)

+|V2-4/3 (bd-4ag) (a3 +b'3x)

EllipticE [ArcSin| |, -7-4+3] /

a2/3 _ 3q1/3 pl/3 y 4 p2/3 x2 1- \/?) al/3 4+ bl/3 x
\I ((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4+ bl/3 x

1/3 (31/3 | p1/3
33/4 52/3 p5/3 a (a +b X> Jasbx3 |+
2
((1 + N[§_) al’3 4 bt/3 x)

2~/2+/3 (b1/3 (bc+2af) + (1—\/?) al/3 (bd—4ag)) (a'/?+ b3 x)

EllipticF [ArcSin|

2/3 _ 41/3 11/3 2/3 2 1--/3) a3+ pl/3x
a a/? b2 x + b7 x ) + ]) _7_4ﬁ} /
(1043 ) 2 oo [104/3) o b

1/3 (41/3 , p1/3
a at/? + b2 x
3 31/4ab5/3 ( > ’a+bx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 354 leaves):
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- ! 6 (-b)*? (bx (c+dx) -a(e+x (frgx))) +

9a <7b)5/3\/a+bx3

5/6 1/3
; (71>2/3 3422 (bd_aag) -1) (—a1/3+ (-b) x)
g al/3
(_b>1/3x <_ )2/3 2 \/<1>5/6jl_(:t;/zl/)i
1+ ey EllipticE[ArcSin] o 1, (-1)*?] +

(71>5/6 (—a1/3 + (7b>1/3 x)

21 3%/4 313 ((—b)1/3bc—a1/3bd+2a (—b)1/3f+4a4/3g)\/

al/3
B <71>5/6 _i(-b)Y3x
<7b>1/3x (- >2/3 x? a/? 1/3
1+ s s EllipticF[ArcSin| o 1 (-1)*?]

Problem 68: Result unnecessarily involves imaginary or complex numbers.

Jc+dx+ex2+fx3+gx4
X

(a+bx3>5/2

Optimal (type 4, 628 leaves, 5 steps):
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2x (bc-af+ (bd-ag)x+bex?)

9ab (a+bx3)3/2

2(5bd+4ag)Va+bx? 2(3ae-x(7bc+2af+ (5bd+4ag)x))
- +
27 a2 b5/3 ((1+\/?) a1/3+b1/3x) 27a2b/a+bx3

2/3 _ 41/3 K1/3 2/3 y2
m<5bd+4ag> (a1/3+b1/3x)\l a alt’? b3 x + b%/3 x

((1+\/?) a1/3+b1/3x)2

(1_\/?) al/3 4 bl/3

(1+ﬁ) al’? 1 b1/3 x

EllipticE [Ar‘cSin [

|, -7-43]/

1/3 (g1/3 4 pl/3
9 . 33/4a5/3p>/3 2 (- d ; Na+bx® |+
((1+\/?) a1/3+b1/3x)

2~/2+4/3 (bl/3 (7bc+2af) + (17\/?) al/3 (5bd+4ag)) (a3 + b3 x)

EllipticF [ArcSin|

2/3 _ 41/3 pl1/3 2/3 2 1-+/3 ] a3 +b3x
a a'’?b*° x+ b7 x ) ],—7—4\/?} /
(1043 ) 2 oex)? [104/3) o b

1/3 1/3 1/3
a a2 +b*?x
27 344 a%p>? ( ) \Ja+bx®

[(1473) a2 02 x)?

Result (type 4, 329 leaves):
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_ 1 21-3 (_b)2/3
81 a2 (7b)5/3 (a+bx3)3/2

(—X (7bc+2af+5bdx+4agx) (a+bx3) +3a <—bx (C+dx) +a <e+x ('F+gx))>) +

_1)5/6 (_a1/3 _pb)13x _p)1/3 _p)2/3 2
1'133/431/3\/< > ( +< ) )\/1+( ) X+( ) X (a+bX3>

a1/3 a1/3 a2/3

\/ (—1) 5/6 i pat;/)sl/@x

(-1)*®+/3 a*? (5bd+4ag) EllipticE[ArcSin| S [s (=1)*?] -+

(7 (-b)*’bc-5a"2bd+2a (—b)1/3f—4a4/3g)

\/_ (_1>5/6 _i(-b)¥3x

al/3

EllipticF [Ar‘cSin [

|5 (-2)*7]

31/4

Problem 69: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?+fx3+gxt
j dx

(a+bx3)7/2

Optimal (type 4, 676 leaves, 6 steps):
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2x (bc-af+ (bd-ag)x+bex?) 2x(7(13bc+2af)+5(1l1bd+4ag)x)

+ —

15ab (a+bx3)*? 405a3b+a+bx3
2 (11bd+4ag) Va+bx? 2(9ae-x(13bc+2af+ (1lbd+4ag)x))
- +
81 a3 b5/3 ((1+\/?> a1/3+b1/3x) 135a%b (a+bx3)3/2

32/3 _ al/3 b1/3 X + b2/3 XZ

((1+\/?) a1/3+b1/3x)2

2-+/3 (11bd+4ag) (a1/3+b1/3x>J

(1_\/?) al/3 4 bl/3

(1+ﬁ) al’? 1 b1/3 x

EllipticE [Ar‘cSin [

|, -7-43]/

1/3 (g1/3 , pl/3
27 - 33/4 g8/3p>/3 2l (i J ; Ja+bx® |+
((1+\/?) a1/3+b1/3x)

2+/2++/3 (7b1/3(13bc+2a-F)+5(1—\E)al/3(11bd+4ag))(al/3+b1/3x)

EllipticF [ArcSin|

2/3 _ 41/3 pl1/3 2/3 2 1-+/3 ] a3 +b3x
a a'’?b*° x+ b7 x ) ],—7—4\/?} /
(1043 ) 2 oex)? [104/3) o b

1/3 1/3 1/3
a a’? +b*°x
405 31/4 a3 b5/3 ( ) ’a+bx3

([1473) a2 b2 x)?

Result (type 4, 366 leaves):
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1
1215a% (-b)®? (a+bx3)®?

2|-3(-b)*? (—Bax (13bc+2af+11bdx+4agx) (a+bx?®) -x (91bc+14af+

55bdx+20agx)| (a+bx3)2+27a2 (-bx (c+dx) +a (e+x (-F+gx)))) +

_1)%/8 (_q13 4 (_p)Y3x _p)1/3 _p)2/3 2
1'133/4a1/3\/< > ( ( ) )\/1+( ) X+( ) X (a+bx3>2

a1/3 a1/3 aZ/3

J (-1)®/0 - mLx

5(-1)*°+/3 a'? (11bd+4ag) EllipticE[ArcSin| Ta o (-2)7]+
3

(91 (-b)**bc-55a3bd+14a (—b)1/3f—20a4/3g)

al/3

\/_ (_1>5/6_ i(-b)Y3x

EllipticF [ArcSin| 1 (-1)*73]

31/4

Problem 79: Result unnecessarily involves imaginary or complex numbers.

X

J1+\/?+Xd1
Vv1+x3

Optimal (type 4, 230 leaves, 3 steps):
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2+/1+x3
1+\/?+X
_ 2 _
3944/2-4/3 (14 1X—+XEllipticE[Ar‘cSin[@},—7—4\/?}/
(1+\/?+x)2 1+\/?+X

1+Xx 3
T 1+x +
(1+\/3 + X

Cxex? .
4 3423 (14x) | X EllipticF[ArcSin[@],—7—4\/?]/
(1+\/?+X)2 1+\/?+X

1;)( 1+x3
(1+\E+X)2

Result (type 4, 127 leaves):
31/4\/ (71)1/5 ((—1)2/3+x) \/1+ (—1)1/3x+ (71)2/3 X2

1

V1+x3

[\/_<_1>5/6 <1+X) ], (_1)1/3} .

31/4

[-2 EllipticE [ArcSin

- ()7 (1]

L )

(-1)"((2-1) + /3 ) ELlipticF[ArcSin|

Problem 80: Result unnecessarily involves imaginary or complex numbers.

X

Jl +4/3 - x N
Vi-x3
Optimal (type 4, 257 leaves, 3 steps):
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2V1-x3
-——
1+\/?—X
2 - -
314~/2-4/3 (1-x) 1+X—+XEllipticE[Ar‘cSin[@},—7—4\/?}/
(1+\/?—X)2 1+\/?—x
1-x 1.2 |
(1+\E—X)2
2 - —_
4 3V4402:+/3 (1-x) LXEX Elliptick|Arcsin] X],7774\/?]/
(1+\/?—x 1++/3 —x

1-x 3
— J1-x
(1+\E—X)2

Result (type 4, 112leaves):

— o 3 [T (1x) J1exe @

1-x3

S(c1)F i x

31/4

s (-2)*2] +

[ (-1)* EllipticE [ArcSin|

_(Z1)5/6 _;
i EllipticF [ArcSin| ( >1/4 X ], (-1)*7]
3

Problem 81: Result unnecessarily involves imaginary or complex numbers.

1+\/?—X
Jidlx
Vo143
Optimal (type 4, 144 leaves, 1step):
24/-1+x3
1-+/3 -x
2 —_
3V452+4/3 (1-x) 1+X—+XEllipticE[Ar‘cSin[@},—7+4\/?}/
(1—\/?-x)2 1-+/3 -x

[



28 | Mathematica 11.3 Integration Test Results for 1.1.3.8 P(x) (c x)™"m (a+b x”n)”p.nb

Result (type 4, 110leaves):

., :-31/“\/(-1)5/6 (-14x) A/1ex+x

V-1+x3

S(F1)ix

31/4

Js (-2)*2]

[ (-1)*? EllipticE [ArcSin|

_(Z1)5/6 _;
i EllipticF [ArcSin| ( >1/4 X 1, (-1)*?]
3

Problem 82: Result unnecessarily involves imaginary or complex numbers.

1+\/?+X

Ji dx
V-1-x3

Optimal (type 4, 135leaves, 1step):
24/ -1-x3

-+
1—\/?+X

|, -7+4+3] /

1- 2 1++/3
3144/2+4/3 (1+X)\IX+X2 EllipticE[Ar‘cSin[@

(1—\/?+X) 1-+/3 +x

Result (type 4, 147 leaves):

1 (17].1) (71)1/631/4\/7(71)5/6+jx \/17(71)2/3X7(71)1/3X2

V-1-x3

J (-1)° ((71)2/3 +x)

31/4

(1+1) (-1)"®E1lipticE[ArcSin|

Jo (1)) -

\/- (-1)ve ((-1)2/3+x)

(1++/3 ] EllipticF [Arcsin| — ], (-1)?]
3
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Problem 83: Result unnecessarily involves imaginary or complex numbers.

J<1+\/?) al’3 1+ b1/3 x

dx
va+bx3
Optimal (type 4, 468 leaves, 3 steps):
2+va+bx3

pl/3 ((1+ﬁ) al/3 , pl/3 X)

2/3 _ 41/3 p1/3 2/3 42
31/4A/2_\/? 31/3 <a1/3 + bl/3 x) a aT b X bT X EllipticE[
(1473 ) a2 bt x)?

(17\/?) al/3 . pl/3 x

(1+\/?) al’3 4+ b1/3 x

ArcSin|

1/3 1/3 b1/3
],77745}/&/3 2 (a2 d Ja+rbx® |+

1+\/? a1/3+b1/3x
([1++/3] )

aZ/3 _ a1/3 b1/3 X + b2/3 X2

((1+\E) a1/3+b1/3x>2

4 31/4 2+\/? a1/3 (a1/3 +b1/3 X)

1-3 ) al/3 4+ b1/3 x

(1+\/?) al’? + b3 x

EllipticF|[ArcSin|

|, -7-4v3]|/

1/3 (41/3 , wi/3
a a'’? +bt°x
pt/3 ( ) \Ja+bx?

((1+\E) a1/3+b1/3x)2

Result (type 4, 225leaves):
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2jlaz/s\/ (_1)5/6 (_al/e.+ (—b>1/3x) \/1+ (7b)1/3x . (—b)2/3 X2

a1/3 a1/3 a2/3

B <71>5/6 _i(-b)Y3x

al/3

-3 (-1)*®b*3 EllipticE [ArcSin| Jo (-2)*P]

31/4

((3+\/?) (—b)1/3+\/?b1/3)

J (71)5/6 Ci(-b)¥3x

Ny al/? I, (-1)*?] /[33/4 (—b)2/3\/m

EllipticF [Ar‘cSin [

Problem 84: Result unnecessarily involves imaginary or complex numbers.

J(]_Jr\/?) al/3 _pl/3y

dx
Vva-bx3
Optimal (type 4, 481 leaves, 3 steps):
2+/a-bx3
- +

pl/3 ((1+\/?) al/3 _pl/3 X)

2/3, 41/3 p1/3 2/3 32
3174,/ /3 al/3 (a'/ - b2 x| al AT b T xbTIX EllipticE|
([1:73) a2 bt x)?

138 bx

(1+ﬁ) al/3 _pl/3y

a1/3 <a1/3 _ b1/3 X)

, -7-44/3 bt/3 -bx3
] } / ((1+\/?) al/3 _pl/3 X)2 ?

ArcSin|

2/3, 41/3 p1/3 2/3 2
4 342, +/3 /3 (a1/3b1/3x>\l a’+a’”b P x+b¥ x

((1+ﬁ) ‘.311/34)1/3)()2

(1_ﬁ) al/3 _pl/3
(1+\/?) al/3 _pl/3

EllipticF[ArcSin|

|, -7-4v3]|/

1/3 1/3 1/3
a a’? -bt>x
pt/3 ( ) a-bx3

((1+\E) a1/3—b1/3x)2
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Result (type 4, 182leaves):

4\5/6 [ .1/3 , p1/3 1/3 2/3 2
—1 2 31/4a2/3\/< 1> < a +b X) \/1+b X+b X

pl/3 m al/3 al/3 a2/3
J (71>5/6 _ibY3x
1/3
(-1)*7 EllipticE [ArcSin| o ° ], (-1)Y3] +
\/_ (_1> 5/6  ibY3x
1/3
i El1lipticF[ArcSin| o ’ P (_1>1/3]

Problem 85: Result unnecessarily involves imaginary or complex numbers.

J\(]_Jr\/?) al/3 _pl/3

dx
Joaibx
Optimal (type 4, 271 leaves, 1step):
2V-a+bx? _ 31442 +/3 al/3 (a1/3—b1/3x)
pl/3 ( (1 B ﬁ) al/3 _pl/3 x)
2/3 , 41/3 y1/3 2/3 2 1++/3 ] a3 -bl/3x
alrab X b X EllipticE{Ar‘cSin[( ) ],—7+4\/?} /
((1_\/?) al/3_b1/3x)2 (1_\/?) al/’3 _pl/3

1/3 1/3 1/3
a at/? - b'/3 x
b3 | - ( ) A -—a+bx3

((1_\/?) ‘.511/3_}_’,1/3)()2

Result (type 4, 257 leaves):
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_ 5/6 _ 2/3 (_ 1/3 _ 1/3 _ 3 _ 1/3
2(—a)1/3\/—(1> (a+<a)/ (-b) x) \Il+(b) X((a)1/+(b) x)

a (_a)2/3

B (71>5/6 i(=b)¥3x

CORS

3 (-1)%% (-a)¥3 b3 EllipticE [ArcSin| Jo (-2)7]

31/4

i((3+V3)a? (-0)*2 -3 (-a) b

J (71)5/6 _i(-b)¥3x

_a)l/3
- (-a) I, (-1)3] /[33/4 (~b)2 [ aibx3
3

EllipticF [Ar‘cSin [

Problem 86: Result unnecessarily involves imaginary or complex numbers.

(1+7/3) a3+ 623 x
[t

Optimal (type 4, 266 leaves, 1step):

[ A h 3
) 2 a-bx L |31/4 /2+\/? al/3 (a1/3+b1/3x)
pl/3 ((1_\/?) al/3 ;. pl/3 x)

dx

EllipticE [ArcSin|

a2/3 _ 31/3 pl/3 y 4 p2/3 y2 (1+ \/?) al/3 4 pl/3 x
\I <(17\E) al/3+b1/3x)2 (1—\/?) al/3+b1/3x]’ 77+4\E} /

1/3 (41/3 , p1/3
a a*’? +b'°x
bl/3 | - < ) —a-bx3

((17\/?) a1/3+b1/3x)2

Result (type 4, 227 leaves):
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. (_3)1/3\/_ (71>5/6 <a+ (~a)2/3 b1/3x) \/1+ bl/3 x ((—a)1/3+b1/3 x)

a (_a>2/3

5/6 ib'/3
e s
Jo (1)) +

-3 (-1)*® (-a)*/? EllipticE[ArcSin| oy

(V3 (-a)+ (3443 ) a3

Jh)“—””*
_9)1/3
1/4 — ]: (*1)1/3] /[33/4b1/3 ~a-bx3
3

EllipticF [Ar‘cSin [

Problem 87: Result unnecessarily involves imaginary or complex numbers.
143 + (2 "
Va+bx®
Optimal (type 4, 520 leaves, 3 steps):
2(3)"arow

p2/3 ((1+\/?) al/3 | pl/3 X)

1/3 2/3 _ 41/3 Kl/3 2/3 32
3V4[2-/3 als3 (9) (a3 pt3x) | ST EDIXOTIX e
a ((1+\/?)a1/3+b1/3x)2

dx

(17\/?) al/3 4 pl/3

1/3 1/3 b1/3
ArcSin| |, -7-4+3] / b2/3 G G X) Ja+rbx3 |+
(1+\/?)a1/3+b1/3x ((1+\/?)a1/3+b1/3x)2
1/3 2/3 _ 31/3 KBl/3 2/3 2
2 2+\/?((1+\/?)b1/3—(1—\/?)a1/3(9] ]<a1/3+b1/3x) a a2 bt x + b7 x
a (1043 ) a2 4 b2 %)
1-/3 ) a3 +p1/3x
EllipticF[ArcSin[( ) },_7_4\/?}/

(1+\E) al/3 +bl/3 x

1/3 1/3 1/3
a a’? +b*°x
31/4 b2/3 ( ) ’a+bx3

1+\/? al/3+b1/3X 2
({2+V3] )
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Result (type 4, 243 leaves):

21&11/3\/ (71>5/6 (7‘31/3+ <fb>1/3x) \/1+ (—b)1/3x ) (—b)2/3 2

al/s3 al/3 32/3

\/_ <_1>5/6 _i(b)¥3x

al/3

[s (-2)*2] +

1/6 _1/3 b 1/3 . . .
-3 (-1)""a (;) EllipticE [ArcSin| o

RUST—

a

J (71)5/6 i(=b)Y3x

S G| [ e e e

EllipticF [Ar‘cSin [

31/4

Problem 88: Result unnecessarily involves imaginary or complex numbers.

1443 - (%) x
Va-bx

Optimal (type 4, 533 leaves, 3 steps):

dx
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2 (2] Vabx

a

B b2/3 ((1+\E) al/3 _pl/3 X)

2/3 1/3 K1/3 2/3 2
31/42-4/3 al/3(b)1/3 (a1/3b1/3x>J a?/3 +al/3 b3 x + b?/3 x

a ((1+\/?)a1/3—b1/3x)2

+

1_\/?) al/3 _pl/3 x

(1+ﬁ) al/3 _pl/3

EllipticE [ArcSin|

|, -7-43]/

1/3 1/3 1/3
a at/? -bY3x
b2/3 ( ) a-bx3

((1+\/?) a1/3—b1/3x)2

1/3
2243 ((1+\E) b2~ (1-V3 | aw(E] ]<al/3b1/3x>
a
2/3 , 21/3 11/3 2/3 2 1-+/3 ) a3 _pl/3x
alra b T x b X EllipticF{Ar‘cSin{( ) ],—7—4\/?}/
((1+\/?)al/3_bl/3x)2 (1+\/?)a1/3—b1/3x

1/3 1/3 1/3
a alt’/? -bt3x
31/4 p2/3 ( ) a-bx3

((1+ﬁ) a1/3_b1/3x)2

Result (type 4, 232 leaves):

5/6
23173 (-1)°7 (-at2+ b1 x] 1 b2 x b3 x?
a + +
al/3 al/3 a2/3

\/_ (_1)5/6_ lziix
Lo (-1)*7] -

31/4

b 1/3
3 (-1)%2a"3 [—] EllipticE [ArcSin|
a

i ((3+\/?) bl/3 - /3 al/3 [me]

a

J (71)5/67 ibY/3x
1/3
EllipticF [ArcSin| ’ B <—1)1/3] /(33/4b2/3xla—bx3

31/4
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Problem 89: Result unnecessarily involves imaginary or complex numbers.
1443 - (%) x
VZarbx
Optimal (type 4, 256 leaves, 1step):
2 (2P Vae
1 (3]

dx

b 1/3 1+(2)1/3 (2)2/3 2 1+\/?_(g)1/3x
31/4./2 /3 {1_[] X a a EllipticE[Ar‘cSin[ 2 ],
L (v (3 13 - ()

5)1/3)(

A E

Result (type 4, 267 leaves):

_ 5/6 _ 2/3 [ _ 1/3 _ 1/3 _ 1/3 _ 1/3
2(_3)1/3\/_(1) (a+<a)/(b) x) \Il+(b) X((a)/+(b) x)

a (_a)2/3

_ (_1>5/6 _i(b)¥3x
1/3 (—a)1/3

3(-1)%° (-a)? (E) EllipticE[ArcSin|

Jo (1)) +

31/4

i (3 (-6) 33 (<b) 1 3 (-a)?? (b)m]

a

\/_ (_1)5/6 _i(-b)¥3x

_3)1/3
EllipticF [ArcSin| ™ - 1, (-1)*7] /(33/4 (-b)*?+/-a+bx?
3

Problem 90: Result unnecessarily involves imaginary or complex numbers.

1443+ (%) x
V-a-bx®

Optimal (type 4, 251 leaves, 1step):

dx
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b 1/3 1—(9)1/3X+(g)2/3x2 1+\/?+(g)1/3x
31453 {1+[] X 2 2 EllipticE [Arcsin| : s
a (1—\/?+(§)1/3X)2 1*\E+(§)1/3X
5)1/3)(

_7+4\/?]/ (9)1/3 _( 1+(

Result (type 4, 245leaves):

. (_3)1/3\/_ (71>5/6 <a+ (~a)2/3 b1/3x) \/1+ bl/3 x ((—a)1/3+b1/3 x)

a (_a>2/3

+ hl/3
B (71)5/67 i b3 x
1/3 (-a)Y/?

-3 (-1)Y% (-a)3 [E] EllipticE [ArcSin|
a

L 1))

((3+\/?) b33 (~a)l/3 (b)m)

a

\/_ (_1)5/6_ ibY/3x
_g)1/3
EllipticF[ArcSin| - ], (-1)*7] /[33/4 b3 +/-a-bx?

31/4

Problem 91: Result unnecessarily involves imaginary or complex numbers.

X

Jl -4/3 +x g
Vv1+x3
Optimal (type 4, 127 leaves, 1step):
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2+/1+x3
1+\/?+X
_ 2 _
3944/2-4/3 (14 1X—+XEllipticE[Ar‘cSin[@},—7—4\/?}/
(1+\/?+x)2 1+\/?+X

1+X 3
T 1+x
(1+\/3 + X

Result (type 4, 127 leaves):

31/4\/ (71)1/6 ((—1)2/3+x) \/1+ (—1)1/3X+ (71)2/3 X2

1

V1+x3

[\/_ <_1>5/6 <1+X> ], (71)1/3} .

31/4

[2 EllipticE [ArcSin

-7 (1]

31/4

(-1)%° ((—2—1‘1) +\/?) EllipticF [ArcSin|

J» (-2)*7]

Problem 92: Result unnecessarily involves imaginary or complex numbers.
1—\/?—x
Ji dx
NFEre
Optimal (type 4, 142leaves, 1step):
2v1-x3
1++/3 -x

2 — —
32 V3 (1) |2 EllipticE[Ar‘cSin[g},—7—4\/3}/
(143 -x)° 1+/3 -x

_1x
(1+\/?—x>2

Result (type 4, 112leaves):
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2314 [(21)%8 (C1ax) yJ1exsx
1-x3

_(—1)%/6 _
[(1)2/3 EllipticE[ArcSin| ( 3)1/4 =X ], (-1)¥2] -

S(F1)7F X

31/4

i E1lipticF[ArcSin|

Jo (-2)*7]

Problem 93: Result unnecessarily involves imaginary or complex numbers.

1—\E—x
J——————dx
Vo1axd
Optimal (type 4, 264 leaves, 3 steps):
24/ -1+%3
1-+3 -x
2 —
3203 (1) | EllipticE[Ar‘c:Sin[lH/?X},7+4\/?}/
(1—\/?—x)2 17\/?—x
(1-V3 -x]
2 —
4 3Y4.[2-4/3 (1-%) _Aexex EllipticF[Ar‘cSin[@],—7+4\/?]/
(1—\/?—x)2 1-+/3 -x

IR

Result (type 4, 110leaves):

2314 [(C1)%8 (C1ax) yJ1exsx

(1156
{(1)2/3 E11ipticE [ArcSin | ( 3)1/4 X, (c1)] -

S(F1)Fix

31/4

i EllipticF [ArcSin|

Jo (-2)*7]
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Problem 94: Result unnecessarily involves imaginary or complex numbers.

1—\/?+X

J— dx
V-1-x3

Optimal (type 4, 247 leaves, 3 steps):
271

-+
1—\/?+X

, 7043
(143 x| ARV 1/

1-x+x2 1+4/3
3144/244/3 (1+X>\IX+X2 EllipticE[Ar‘cSin[@

,1;)( _1-x3 | -
(17\/?+X)2

B 2 N
4 342 3 (14x) | EllipticF[Ar‘cSin[w],—7+4\/3]/
(1-+3 +x)2 1-/3 +x

Result (type 4, 147 leaves):

_11_)(3 <1+i) (_1)1/531/4\/_(_1)5/6+ix \/1_ (—1)2/3x— (_1)1/3)(2
\/_(-1)1/6 ((-1)2/3+x)
(1-1) (71)1/6 EllipticE [ArcSin| e )5 (’1)1/3} -

J (-1)ve ((—1)2/3+x)

31/4

(-1++/3] EllipticF [ArcSin]

J» (-2)*7]

Problem 95: Result unnecessarily involves imaginary or complex numbers.

-1++vV3 -X
Jidlx
V1+x3

Optimal (type 4, 126 leaves, 1step):
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21+ %3
-— 4
1+\/?+X
_ 2 _
3944/2-4/3 (14 1X—+XEllipticE[Ar‘cSin[@},—7—4\/?}/
(1+\/?+x)2 1+\/?+X

1+X 3
T 1+x
(1+\/3 + X

Result (type 4, 129leaves):

31/4\/ (71)1/6 ((—1)2/3+x) \/1+ (—1)1/3X+ (71)2/3 X2

1

V1+x3

[\/_(_1)5/6 (1+X> ]’ (—1)1/3] .

31/4

{2 EllipticE [ArcSin

V)7 Ay

31/4

(—1)1/6 ((2+ i) —\/?) EllipticF [ArcSin]

Js (-2)*7]

Problem 96: Result unnecessarily involves imaginary or complex numbers.
J1+\/?+X dx
1-x3
Optimal (type 4, 143 leaves, 1step):
2v1-x3
1+\/?—X

2 — —
32 V3 (1) |2 EllipticE[Ar‘cSin[g},—7—4\/3}/
(143 -x)° 1+/3 -x

_1x
(1+\/?—x>2

Result (type 4, 112leaves):
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C(_1)5/6
(—1)2/3 EllipticE [ArcSin| ( 3)1/4 Lx |, (,1)1/3] _

2 394 [ (<1)¥8 (“14x) AJ1ex+x?

- (-1)*°-1ix

Era (—1)“]]

i EllipticF[ArcSin|

Problem 97: Result unnecessarily involves imaginary or complex numbers.

~1++/3 +x
I
Vo1ex3
Optimal (type 4, 263 leaves, 3 steps):
2V-1+x3
- +
1—\/?—x
2 —
3203 (1) | EllipticE[Ar‘c:Sin[lH/?X},7+4\/?}/
(1—\/?—x)2 17\/?—x
(1-V3 -x]
2 —
4 3Y4.[2-4/3 (1-%) _Aexex EllipticF[Ar‘cSin[@],—7+4\/?]/
(1—\/?—x)2 1—\/?—x

IR

Result (type 4, 110leaves):
1

V-1+x3

ET, .

2314 [(21)%8 (C14x) y/1ex+x? | (-1)% ELlipticE [ArcSin|

_(_1)5%8 _;
iEllipticF[Ar‘cSin[ ( )1/4 LXx L (_1)1/3]]
3
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Problem 98: Result unnecessarily involves imaginary or complex numbers.
—1+\/?—X
Ji dx
e
Optimal (type 4, 248 leaves, 3 steps):
2+ -1-x3 )
1—\/?+X

, 7043
(143 x| ARV 1/

1-x+x2 1+4/3
3144/244/3 (1+X>\IX+X2 EllipticE[Ar‘cSin[@

B e
(17\/?+X)2

B 2 N
4 342 3 (14x) | EllipticF[Ar‘cSin[w],—7+4\/3]/
(1-+3 +x)2 1-/3 +x

Result (type 4, 146 leaves):

_11_)(3 <1+i) (_1)1/531/4\/_(_1)5/6+ix \/1_ (—1)2/3x— (_1)1/3)(2
N EIRTRIRE
(-1+4) (-1)Y®EllipticE [ArcSin| e > (-2)*%] +

J (-1)ve ((—1)2/3+x)

31/4

(-1++/3] EllipticF [ArcSin]

J» (-2)*7]

Problem 99: Result unnecessarily involves imaginary or complex numbers.

J\(l\/?> al/3 1 pl/3

Vva+bx3
Optimal (type 4, 256 leaves, 1step):

dx
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2vVa+bx3 B
pl/3 ((1+\/?) al/3 . pl/3 X)

2/3 _ 41/3 p1/3 2/3 2
3174,/ /3 al/3 (a2 + b2 x) a am b X bTx EllipticE|
((1+\/?) a1/3+b1/3x)2

17\/?) al/3 | pl/3

(1+\/?) al’3 + b3 x

1/3 1/3 b1/3
|, -7-av3]| /|0 | — @20 faibe

143/3 ) at? 4 b1 x)?
((1++3) )

ArcSin|

Result (type 4, 225 leaves):

2jlaz/z'\/ (71>5/6 (731/3+ (fb>1/3x) \/1+ (—b)1/3x ) (—b)2/3 2

al/3 al/3 a2/3

- <_1> 5/6 _ 1 gfati/):/Sx

-3 (-1)¥®b*/3 EllipticE[ArcSin| I, (-1)*°] «

31/4

((—3+\/?) (—b)1/3+\/?b1/3)

\/ (71)5/6 i(=b)Y3x

S | [ e e

EllipticF [Ar‘cSin [

31/4

Problem 100: Result unnecessarily involves imaginary or complex numbers.

J(l_ﬁ) al/3 _pl/3

Vva-bx3
Optimal (type 4, 263 leaves, 1step):

dx
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2+vVa-bx3

- +

pl/3 ((1+\/?) al/3 _ pl/3 x)

2/3, g1/3 p1/3 2/3 32
3174,/ /3 al/3 (a - b3 x| alrat b x e bTIX EllipticE|
([1:73) a2 bt x)?

(17\/?) al/3 _pl/3

(1+ﬁ) al/3 _pl/3y

a1/3 <a1/3 _ b1/3 X)

, ~7-44/3 bt/3 -bx3
] } / ((1+\/?) al/3 _pl/3 X)2 ?

ArcSin|

Result (type 4, 182leaves):

5/6 1/3 1/3
1 L 3ua 2 <,1> (,a +b x) L. bl/3 x . p2/3 x2
pl/3 m al/3 al/3 a2/3

B (71>5/67 ﬁ:i%

(-1)*7 EllipticE [ArcSin| 1, (-1)*°] -

31/4

\/_ (_1>5/6_ lzizx

31/4

i EllipticF [ArcSin|

Js (-2)*7]

Problem 101: Result unnecessarily involves imaginary or complex numbers.

J\(l\/?> al/3 _pl/3

V-a+rbx3
Optimal (type 4, 497 leaves, 3 steps):

dx
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2V -a+bx3 | 3ua /2+\/? a1/3 (a1/3—b1/3x)
pl/3 ((1_\/?> a1/3—b1/3x)

EllipticE [ArcSin|

a2/3 4 31/3 p1/3 y 4 p2/3 x2 (1+ \/?) al/3 _pl/3yx
\I <(17\E) a1/37b1/3x)2 (1—\/?) al/3_b1/3x]’ 77+4\E} /

1/3 (41/3 1/3
a at/? -b*°>x
bl/3 |- < ) \J-a+bx® |+

((17\/?) a1/3—b1/3x)2

2/3 . 41/3 p1/3 2/3 2
4 31/4.]2_+/3 al/3 (a1/3b1/3X>\| a’?+a P b x+ b7 x

((1_\/?) a1/3—b1/3x)2

1+\E) al/3 _pl/3x

(1_\/?) al/3 _pl/3

EllipticF [ArcSin|

|, -7+4+/3] /

v | al’3 (al/3 - p1/3x) - -
° ((1_\/?)31/3_131/3)()2 2 rbx

Result (type 4, 257 leaves):

5/6 13 13 s
2(a)1/3\/ (—1) (a+(—a)2/3<_b) x) \Il+ (_b> X((—a)1/3+(_b) X)

a (_a)2/3

B (71>5/6 i (-b)¥3x
(73)1/3

3 (-1)% (~2)Y/3 bM/3 E1lipticE [ArcSin| e I, (~1)] +

i ((73+\/?) a1/3 (—b)1/37\5 (—a)l/3 b1/3)

\/_ (_1)5/6 _i(-b)¥3x

(-a)¥? I (_1>1/3] /(33/4 (_b)2/3m

EllipticF [ArcSin|

31/4
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Problem 102: Result unnecessarily involves imaginary or complex numbers.

J(l_\/?) al/3 , pl/3 x

dx
V-a-bx3
Optimal (type 4, 488 leaves, 3 steps):
2+/-a-bx3

_ + 31/4 2+\/? a1/3 (31/3+b1/3 X)

pl/3 ((1_\/?) al/3 ; pl/3 x)

a2/3 _ al/3 pl/3 x 4 h2/3 x2 1++/3 ) al/3 1 bl/3 x
EllipticE [Ar‘csin[

((17\5) al/3+b1/3x>2 (1,\/?) al/3 4 pl/3 x

|, -7+443] /

1/3 1/3 1/3
a a*’? + b3 x
b3 | - ( ) ~—a-bx3

((1_\/?) ‘.1‘1/344,)1/3)()2

2/3 _ 41/3 b1/3 2/3 2
4 314 /2_\/? al/3 (al/3+b1/3x> a a’’b">x+b x2
([1-+3) a2+ bix)

(1+\/?) al/3 4+ bl/3 x

(1_ﬁ) al/3 L pl/3

EllipticF [ArcSin|

], -7+4+3] /

s a1/3 <a1/3 + b1/3 X) .
b - -a-bx

((1_\/?) a1/3+b1/3x)2

Result (type 4, 227 leaves):
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. (_3)1/3\/_ (71>5/6 <a+ (~a)2/3 b1/3x) \/1+ bl/3 x ((—a)1/3+b1/3 x)

a (_a>2/3

5/6 ib'/3
e s
Jo (1)) +

-3 (-1)*® (-a)*/? EllipticE[ArcSin| oy

(V3 (-a)¥?+ (-3+3 ) a'?)

J (71)5/67 ibY/3x
_9)1/3
EllipticF [ArcSin| o ]» (—1)1/3] / [33/4 b3~/ -a-bx>

31/4

Problem 103: Result unnecessarily involves imaginary or complex numbers.

13 [2)
J : dx
Va+bx3
Optimal (type 4, 241 leaves, 1step):
2 (2] Varbxe

b (1+ﬁ+ (g)mx)

]

b 13 1_(2)1/3X+(g)2/3 2 1_\/?+(g)1/3x
31/42-+/3 [1+(] X 2 2 EllipticE [ArcSin| 2
a (1+\/?+(§)1/3X)2 1+\E+(§)1/3x
(o)

a

751/ 173+ [2)*)?

Result (type 4, 243 leaves):
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2jlal/s\/ (_1)5/6 (_al/e.+ <—b>1/3x) \/1+ (7b)1/3x . (—b)2/3 X2

a1/3 a1/3 aZ/S

\/ (71>5/6 _i(-bh)Y3x

b\1/3 al/3

-3 (-1)"% a3 (*J EllipticE [ArcSin|
a

[s (=1)*2]

31/4

(3073 ) (-0 evs [b]]

a

\/ (71)5/6 _i(-b)¥3x

. a3 1, (-1)*?] /[33/4 (—b)2/3\/m

EllipticF [ArcSin|

Problem 104: Result unnecessarily involves imaginary or complex numbers.
17\/?7 (2)1/3)(
J 2 dx
Va-bx3
Optimal (type 4, 248 leaves, 1step):
2 (5] Va-bx
b (1+3 - (g)”"’x)

+

e /|2 |

Result (type 4, 232leaves):
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5/6
Y B ) B it I DU Rk S
a + +
a1/3 a1/3 a2/3

5/6  ib'/3
1/3 \/ (71) - ]La1/3X

3 (-1)%7a3 [E] EllipticE [ArcSin| oy

[s (=1)*2]

st

a

\/ (71)5/67 ibY/3x
1/3
EllipticF[ArcSin| . 1, (-1)*7] /(33/4b2/3x/a—bx3

31/4

Problem 105: Result unnecessarily involves imaginary or complex numbers.

143 - [2)
d
J Jabe

Optimal (type 4, 549 leaves, 3 steps):
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(5] V=avb

2
p2/3 ((1 _ ﬁ) al/3 _pl/3 X)

_ 314424 4/3 a3 (9)1/3 (a1/3—b1/3x)

a

EllipticE [ArcSin|

a2/3 4 31/3 p1/3 y 4 p2/3 x2 (1+ \/?) al/3 _pl/3yx
\I <(17\E) a1/37b1/3x)2 (1—\/?) al/3_b1/3x]’ 77+4\E} /

1/3 (41/3 _ p1/3
a a‘’? -b'/°x
b2/3 | - < ) \J-a+bx® | -

((17\/?) a1/3—b1/3x)2

b 1/3
223 ((1_ﬁ) b2~ (1443 ) aw[—] ]<a1/3—b1/3x)
a
2/3 | g1/3 p1/3 2/3 42 1+4/3 ) al3-pl/3x
ara Th e bX EllipticF[ArcSin[( -3 ],77+4\/?}/
((17\5) al/37b1/3x)2 (1,\/?) al/3 _pl/3

1/3 (41/3 _p1/3
a at/? -b*3x
314 p2/3 | - ( ) ; A/ -a+bx3

((1_\/?) a1/3—b1/3x>

Result (type 4, 267 leaves):

5/6 13 13 s
2(a)1/3\/ (—1) (a+(—a)2/3<_b) x) \Il+ (_b> X((—a)1/3+(_b) X)

a (_a)2/3

\/ <71>5/6 Ci(-b)Y3x

2/3 13 b 1/3 . . . (—a)l/3 13
3(-1)%° (-a) (;) EllipticE [ArcSin| e 1> (-1)*%] +
1/3
. (3(b)1/3+\g<b>1/3\/?(a)lB(E] ]
a

\/_ (_1)5/6 _i(b)¥3x

||/ e

EllipticF [ArcSin|

31/4
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Problem 106: Result unnecessarily involves imaginary or complex numbers.

Jl‘\/?+ (§>1/3X
dx
—a-

Voabx

Optimal (type 4, 540 leaves, 3 steps):
2 (2 Ve o

R p2/3 ( (1 B \E) al/3 . pl/3 x)

31/4ma1/3 (2)1/3 (a2 + b3 x) a%/3 - al/3pl/3x + b3 x2
@ ((1—\/?) a1/3+b1/3x)2

+

(1+\/?) al/3 4 bl/3

(17\5) al/3 | pl/3

EllipticE [Ar‘cSin [

], -7+4+3] /

53 al/3 <a1/3+b1/3 X) 3
b2/ - —a-bx® | +

((1_ﬁ) a1/3+b1/3x)2

1/3
225 (1o (1] o [2)7] e mn
a
2/3 _ 41/3 pl1/3 2/3 2 1++/3 ] a3 +b3x
2 L EllipticF [ArcSin| ) ],—7+4\/?}/
([1-43 ] a3 st 13 ) e ot

1/3 1/3 1/3
a a’/?+b'>x
31/4p2/3 | _ ( ) —a-bx3

1-+/3 ) al/3 4 b/3 x 2
[(2-+3]) )

Result (type 4, 245leaves):
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. (_3)1/3\/_ (71>5/6 <a+ (~a)2/3 b1/3x) \/1+ bl/3 x ((—a)1/3+b1/3 x)

a (_a>2/3

B (71) 5/6  ibY3x
1/3 (-a)/3

-3 (-1)Y% (-a)3 [E] EllipticE [ArcSin|
a

[s (=2)*2]

31/4

((3+\E) b3 +/3 (~a)l/3 [b]m]

a

\/_ (_1)5/6_ ibY/3x
_g)1/3
EllipticF[ArcSin| - ], (-1)*7] /[33/4 b3 +/-a-bx?

31/4

Problem 107: Result unnecessarily involves imaginary or complex numbers.
c+dx
Ji dx
Vva+bx3
Optimal (type 4, 490 leaves, 3 steps):

2dvVa+bx3 )
p2/3 ((1+\/?) al/3 , pl/3 x)

2/3 _ 41/3 p1/3 2/3 y2
31/4 m al’3 g (31/3 + pl/3 x) a aT b x b EllipticE [
((1+\/?) a1/3+b1/3x)2

(1_\/?) al/3 4 pl/3 x

Ar‘cSin[
(133 ) a2 b2

1/3 (g1/3 , pl/3
]:*774\/?} / b2/3 2 <a . X> Ja+rbx® |+

([(1++3 ) a3 02 x)?

a2/3 _ a1/3 b1/3 X + b2/3 X2

((14—\/?) a1/3+b1/3x)2

24/2++/3 (b1/3c—(1—\/?)a1/3d) (a1/3+b1/3x)\|

-3 | et btix

(1+\/?) al’3 + b3 x

EllipticF [ArcSin|

|, -7-43]/

I 31/3 (a1/3 + bl/3 X) ;
3*%b 5 \/a+bx

((1+\/?) a1/3+b1/3x)
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Result (type 4, 221 leaves):

s J R e J (0] x (b

al/3 al/3 32/3

\/_ (_1)5/6_ i(-b)Y3x

al/3

(-1)*?+/3 a/> d EllipticE[ArcSin| I (-1)*°] -

\/_ (_1>5/6 _i(-b)¥3x

al/3

i ((—b)1/3c+a1/3d) EllipticF [ArcSin| ]s

31/4

(-1)*2] /(31/4 ()22 [a by

Problem 108: Result unnecessarily involves imaginary or complex numbers.
c+dx
J; dx
Va-bx3
Optimal (type 4, 503 leaves, 3 steps):
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2d+va-bx3 )
p2/3 ((1+\/?) al/3 _ pl/3 X)

2/3 , 41/3 p1/3 2/3 42
314,02 /3 al/34 (a1/3 _pl/3 X) ai A Tb X bTX EllipticE[
([1:73) a2 prox)?

(17\/?) al/3 _pl/3

(1+ﬁ) al/3 _pl/3y

a1/3 <a1/3 _ b1/3 X)

, ~7-44/3 b?/3 -bx3
] } / ((1+\/?) al/3 _pl/3 X)2 ?

ArcSin|

a2/3 4+ al/3 pl/3 x + p2/3 x2

( 1+\E) a1/3—b1/3x)2

|, -7-4v3]|/

) 2+\/? <b1/3c+(1—\5) a1/3d) <a1/3b1/3x>\l

=

( _ﬁ) al/3 _pl/3
(1+\/?) al/3 _pl/3

EllipticF[ArcSin|

1/3 1/3 1/3
a a“/? -b*°x
31/4 p2/3 ( ) a-bx3

((1+\/?) a1/3—b1/3x)2

Result (type 4, 208 leaves):

<_1>5/6 (—a1/3+b1/3 X) bl/3x b2/3x2
] 1+ +
al/3 al/3 a2/3

\/_(_1)5/6_ ibY/3x
al/3
], <_1>1/3] _ 1 al/3 (b1/3c+a1/3 d)

(-1) 2/3./3 a?3 dEllipticE [ArcSin|
31/4

\/ (71)5/67 ib'/3x
1/3
EllipticF [ArcSin| : 1, (-1)*7] /(31/4b2/3x/a7bx3

31/4

Problem 109: Result unnecessarily involves imaginary or complex numbers.
c+dx
ji dx
Optimal (type 4, 515leaves, 3 steps):
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[ 3
) 2d a+bx L |31/e /2+\/? a1/3d<al/3_b1/3x>
b2/3 ((1_\/?) a1/3—b1/3x)

EllipticE [ArcSin|

a2/3 4 31/3 p1/3 y 4 p2/3 x2 (1+ \/?) al/3 _pl/3yx
\I <(17\E) a1/37b1/3x)2 (1—\/?) al/3_b1/3x]’ 77+4\E} /

1/3 1/3 1/3
a a‘’? -b'/°x
b2/3 _ < ) '—a+bx3 _

]

2 /27\/? (b1/3c+ <1+\/?) al/3d) (al/3—b1/3x> a2/3 ;4 al/3 pl/3 x 4 p2/3 x2
([(1-+3) a2 b1 )’

13 ) 8 b x

(1_\/?) al/3 _pl/3

EllipticF [ArcSin|

|, -7+4+/3] /

1/3 1/3 1/3
a a't/? - b3 x
31/4 b2/3 _ ( ) - —a+bX3

(173 ) a1

Result (type 4, 236 leaves):

Y N R
— 7a —

a

F1)22 V3 (ca)i3d

(_a)2/3

JlJr (—b)1/3x ((—a)1/3+ (—b)1/3x)

\/_ (_1)5/6 _i(h)Y3x
(-a)¥/?

EllipticE|[ArcSin| ], (-1)*3] - ((—b)1/3c+ (—a)l/3 d)

31/4

J (71)5/6 _i(-p)Y3x

_3)1/3
— (-a) ]’ <71>1/3] /(31/4 (—b)2/3 ,—a+bx3
3

EllipticF [ArcSin|
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Problem 110: Result unnecessarily involves imaginary or complex numbers.
c+dx
ji dx
Optimal (type 4, 508 leaves, 3 steps):

PR
B Zd\/m L |31/e /2+\/? al’3 g <a1/3+b1/3x>
p2/3 ((17\5) al/3 | pl/3 X)

EllipticE [ArcSin|

a2/3 _ 3q1/3 pl/3 y 4 p2/3 x2 (1+ﬁ) al/3 4 pl/3 ¢
\I((l\/?) al/3+b1/3x)2 (1_\/?) a1/3+b1/3x],—7+4\/?} /

s al/3 <a1/3 +bl/3 x) ;
b2/ - -a-bx +

((1_ﬁ) a1/3+b1/3x)2

a2/3 _ g1l/3 pl/3 x 4+ p2/3 x2

((17\5) al’3 . pl/3y)?

22 V5 [Bc [1eT ] a7 d) (220 b0x) J

1+\/?) al/3 4+ bl/3 x

(17\5) al/3 4 bl/3 x

EllipticF[ArcSin|

|, -7+4+3] /

1/3 (41/3 , p1/3
a a’? +bt>x
31/4p2/3 | _ ( ) —a-bx3

((17\/?) a1/3+b1/3x>2

Result (type 4, 223 leaves):

1, (_3)1/3\/_ (_1>5/6 (a+ (~a)?/3pl/3 x) \/1+ bl/3 x ((—a)1/3+b1/3 x) (_1)2/3€ i

a (4*3)2/3

5/6  ib'/3
N
[s (-1)%7]

d E1lipticE [ArcSin| T
3

i (b1/3CJr (—a)l/3 d)

\/ (71)5/67 i bY/3 x
_3)1/3
EllipticF [ArcSin| o ], (-1)*7] / (31/4 b?/3+/-a-bx3

31/4
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Problem 111: Result unnecessarily involves imaginary or complex numbers.

c+dx
J dx
Vi+x3
Optimal (type 4, 246 leaves, 3 steps):
2dV1+x3
1+ \/? + X

_ 2 _
31/4 zﬁd(ux)JlX”Z EllipticE[Ar‘cSin[m},—7—4\5}/

(1+\/?+X) 1+\/?+X

X | e a s (e (1ovE ) (1w | R
(1+\E+X)2 (1+\/?+X)2

EllipticF[Ar‘cSin[@],—7—4\/?] / e |2 10
1+4/3 +x (1+\/?+X)2

Result (type 4, 136 leaves):

1 2\/_(_1>1/6((_1>2/3+X)

3344143

-7 (1]

3dEllipticE [ArcSin| — I, (-1)2] +
3

J1+(-1)Px+ (-1)23 2

(-1)Y°V3 [-c+ (-1)*74) EllipticF[ArcSin[\/_(_1>351/;<1+X> ], (-1)*?]

Problem 112: Result unnecessarily involves imaginary or complex numbers.

c+dx
J dx
V1-x3
Optimal (type 4, 271 leaves, 3 steps):
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2dV1-x3
1+\/?—X
2 _ _
3944/2-4/3 d (1-x 1+X—”(EllipticE[ArcSin[@},-7-4\/?}/
(1+\/?—X)2 1++/3 -x

A ioe |- |22evE (c+d-3d) (1-x) Cexed
(1+\E—X)2 <1+\/?7X)2

EllipticF[Ar‘cSin[@],—7—4\/?] / e | X1
VT TREE

Result (type 4, 121 leaves):

;nJ(fﬂ“ (~14x) Af1+x+x2

33/4 1- X3

S(F1)%F i x

31/4

[s (1))

[—3 (-1)*®dE1lipticE [ArcSin|

-(-1)%°-1ix
3 (c+d) EllipticF [ArcSin| o B <—1)1/3]

Problem 113: Result unnecessarily involves imaginary or complex numbers.

c+dx
Jidlx
V=143
Optimal (type 4, 275 leaves, 3 steps):
2dvV-1+x3
-+
1-+/3 -x
+ X + X2 + -
3144/2+4/3 d (1-X) S Lexext EllipticE[Ar‘cSin[@},—7+4\E}/
(1—\/?—x)2 1-+/3 -x

\I(lx)zx/1+x3 ~|2+/2-+3 (c+d+ﬁd) (1x)\|1+x+x2
1-+3 -x

)

1—\5—x

EllipticF[ArcSin[@],_7+4\/?] / 31/4J1X2«/1+x3
(1-V3 -x]
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Result (type 4, 119leaves):

! 20 (-1)%° (c1+x) AJ1exex?

33/44/ -1+ %3

S(c1)Fix

31/4

|5 (2"

[— 3 (-1)"®dEllipticE[ArcSin|

-(-1)%°-1ix
V3 (c+d) EllipticF [ArcSin| o 1, (-1)*7]

Problem 114: Result unnecessarily involves imaginary or complex numbers.
J c+dx 4
—————————— adX
-1-x3

Optimal (type 4, 261 leaves, 3 steps):

72d\/ﬁ+
17\E+X
3144/2+4/3 d (1+x) ERLAL S EllipticE[Ar‘cSin[@},—7+4\E}/
(1—\/?+x)2 1-+/3 +x
1+X 1-x+x?
S -1-X |+ [242- V3 (c—(1+\/?)d) (1ex) | ——
(1—\/?+X) (1—\/?+X)

EllipticF[Ar‘cSin[@], ~7+4+/3 ] / 31/4 o tex -1-x%3
1- \/? + X 2
Result (type 4, 152 leaves):

! 2 (-1 (1) ix 1 (1) (1)

33/44/_1_)(3

\/_ (-1)ve (<_1>2/3+x)

31/4

3 (-1)*°dEllipticE [ArcSin] 1, (-1)*?] +

J (-1)ve ((—1)2/3+x)

3 ((—1)2/3c—d) EllipticF[ArcSin] o ] (—1)1/3]
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Problem 124: Result unnecessarily involves imaginary or complex numbers.
JCerX q
X
1+x4

Optimal (type 3, 98 leaves, 13 steps):

1 cAr‘cTan[l—\/?x}
~dArcTan[x?] - +
2 22
cArcTan[1++/2 x| clog[1-+2 x+x2] clog[l++2 x+x?]
- +
2+/2 4-/2 42
Result (type 3, 99 leaves):
1

= [((-1)" crid)Log[(-1)**-x] + (- (-1)**c+id) Log[(-1)**-x] +

4
((71)1/4c—jd) Log[ (-1)*+x] + ((—1)3/4c+id) Log[(—1>3/4+x]>
Problem 161: Result unnecessarily involves imaginary or complex numbers.
bx+dx3
j dx
2+3x4
Optimal (type 3, 36leaves, 5steps):

bArcTan|_| 3 x?]
+ idLog[2+3x“]

26 12
Result (type 3, 65leaves):

x i+6 b+2d) Log[V/6 -31ix? L ~i+6 b+2d| Log[V6 +3ix?
- | | | |

24
Problem 210: Result unnecessarily involves imaginary or complex numbers.
c+dx
J— dx
Va+bx*
Optimal (type 4, 121 leaves, 6 steps):

5 b x4 . . 1/4 x 1
dArcTanh[J&] c (\/a +4/b xz) | —2X— EllipticF[2ArcTan[®—*], %]
[aibx® Va +/b x? al/* 2
a+b x . ( )
2+/b 2at4pl4/a+bx?
Result (type 4, 107 leaves):
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d ArcTanh| M] ic [1+2¢ EllipticrF [i ArcSinh| ive x|, -1]
a+b x* a Va
2/b

SRR

Problem 211: Result unnecessarily involves imaginary or complex numbers.
c+dx
Ji dx
Va-bx*
Optimal (type 4, 87 leaves, 7 steps):

dArcTan[j%} al’%c [1- % EllipticF[ArcSin[%}, -1]

+

2+vb b4 a - bx*

Result (type 4, 106 leaves):

d ArcT b x® . _ bx* P . . /b B
rcTan| A} ic [1 2 EllipticF[i ArcSinh| i x|, -1]

a-b x a

27b l—% Vva-bx*

Problem 212: Result unnecessarily involves imaginary or complex numbers.

J* c+dx dx
V-a+bx?*
Optimal (type 4, 89leaves, 7 steps):

dArcTanh[—\%} a1/4cWEllipticF[ArcSin[bﬁX}, ~1]

+

2/b bl/4+/-a+bx*
Result (type 4, 108 leaves):

dAr‘cTanh[—\@ ic [1-°% EllipticF[i ArcSinh| _ b x|, -1]
—a+b x* a Va
23 T
a

Problem 213: Result unnecessarily involves imaginary or complex numbers.
c+dx
Ji dx
vV-a-bx*
Optimal (type 4, 127 leaves, 6 steps):
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b b x2) | —22X __ EllipticF[2ArcTan|2Sx], 1
d ArcTan | — ] «© (\/;+\/—X ) (Vo oo ] ipticF[2 ArcTan| e [ 3]
+
2/b 2al/4pl/4+/-a-bx?

Result (type 4, 113 leaves):

dArcTan[L ¢ |1+® EllipticF[i ArcSinh| [ 1o x|, -1]
-a- bx4 Va

2+/b

RN
Va

Problem 214: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?
Jidlx

Vva+bx*
Optimal (type 4, 257 leaves, 8 steps):
dAr‘cTanh[M
exVa+bx* Jarbx?
+
Vb (\/a_-%—\/FXZ) 2/b
al’4e (\/?+\/Fx2) —asbx® - EllipticE[ZAr‘cTan[—bl’M,X], ]
(Va Vb %) al/4 2 1
.
b4 a b 2024 /as bt
b b x* bl/4 1
al/4 [ < (\EJr \/sz) Lz EllipticF[2ArcTan| : 4X], =]
a (\/a_+\/Fx2) at/ 2

Result (type 4, 201 leaves):

2
d+/a+bx* ArcTanh| Vb x —]

\/a+bx4

4 .
2\/?e 1+bX EllipticE[jArcSinh[ 1\/? x], ] (\/_c+\/—)

a

b 4 4/
1. 2% EllipticF[i ArcSinh| ! b vJa+bx*
a Va

Problem 220: Result unnecessarily involves imaginary or complex numbers.

j<:+dx+ex2+1“x3+gx4+hx5+ix6dl
X

Va+bx*
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Optimal (type 4, 385leaves, 12 steps):
fva+bx* gxia+bx* hx?Va+bx* ix3*+a+bx*

+ + + +
3b 4b 5b

(Zbd -ah) Ar‘cTanh[M}

(5be-3ai)xVa+bx* N 1
N .
5632 (Va + b x| 432 5b7/4\/a+bx*

4 1/4
at* (5be-3ai) (\/?+\mx2) J _arbx® EllipticE[2ArcTan| 1/4X B
a

2b

|+

1
2

NERCETk

1
al’4 |15be +

30b7/%/a+bx*

4
R e
a +/b x2 2 ?

Result (type 4, 275leaves):

ivb

Va
2

15 (2bd-ah) yJa+bx* ArcTanh[@]
va+bx*

b x* ivb

EllipticE[i ArcSinh|

2 V2

b (a+bx*) (30f+x (20g+3x (5h+4ix)))+

12+/a (-5be+3ai) |1+

b x*

a

i Vb
60 ivh b3/2+/a+bx*
Va

Problem 221: Result is not expressed in closed-form.

1+Xx
J dx
1+x°
Optimal (type 3, 109 leaves, 3 steps):

(_1)1/5 (1+ (_1)1/5) Log[(—l)l/s—x} N

4(-15ib3/2c-15x/?be+5jax/?g+9a3/2i) 1+

EllipticF[i ArcSinh|

(_1>4/5 (1_ <_1>4/5) Log[— (_1)4/5_)(] .

vk u| ek

(_1>3/5 (1+ <_1>3/5) Log[— (—1)3/5+x]

SN Y, B

(_1)2/5 (1_ (_1>2/5) Log[(—1>2/5+x} B
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Result (type 7, 51leaves):
Log [x - #1] &]
-1+2#1-3n112+411°

RootSum[1 - #1 + #1% - 1% + 51 &,

Problem 222: Result is not expressed in closed-form.
1-x
J dx
1-x°

Optimal (type 3, 109 leaves, 3 steps):

_i (-1)%% (1— (—1)2/5) Log[ (-1)2® - x] +§ (-1)%° (1+ (—1)3/5) Log[- (-1)® - x] +
i (_1)1/5 (1+ (_1>1/5) Log[(—1>1/5+x} _i (_1>4/5 (1_ (_1>4/5> Log[— (—1)4/5+x]

Result (type 7, 47 leaves):

RootSum[1 + 11 + 412 + 513 + 514 &, LoB (X~ &l &]

1+281+3812+4113

Problem 369: Result more than twice size of optimal antiderivative.

Jx (-2 (i)mmu) .
a+bx3

Optimal (type 3, 50 leaves, 4 steps):

2x
a\1/3

1-

1/3

ZCAr‘cTan[—f“ﬁ;—] +CL°g[(i) +x]
V3'b b
Result (type 3, 146 leaves):
1. 2b¥x
! 2+/3 (3)1/3 bl/3 Ar‘cTan[ial/3 ] +2 [EJIB b'/3 Log[a/? + b¥3 x| -
3al3p b V3 b

a\l/3
(_) b'/3 Log [a2/3 _al/3pl/3 y , p2/3 Xz] + a3 Log [a +b x3]
b

Problem 370: Result more than twice size of optimal antiderivative.

Jx (-2 (-§>1/3C+CX) .
a-bx3

Optimal (type 3, 53 leaves, 4 steps):
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2x
(2"

2CAr‘cTan[T%—} CLog[(_ﬁ)l/Bﬂ(]

V3 b b
Result (type 3, 149leaves):

1-

1 14+ 2bY/3x
a\1/3 a\1/3
- |23 (——) b1/3Ar‘cTan[7al/3] -2 (——] b'/3 Log[a'/? - b*3 x| +
3al?b b /3 b

a\il/3
(_ _) b3 Log [32/3 +al/3pl/3 x4 p2/3 Xz] +a'3 Log [a _b x3]
b

Problem 371: Result more than twice size of optimal antiderivative.

Jx (2 (-§)1/3C+CX) N
a+bx3

Optimal (type 3, 54 leaves, 4 steps):

2x
1+

[ 3)1,3

2CAr‘cTan[—‘\rs—] CLOg[(—%)l/B—x}

+

V3 b b
Result (type 3, 148 leaves):

1 2b/3 x
1 a\1/3 - a\y1/3
Cl-2+/3 |-— b1/3ArcTan[7al/3} _2 == b3 Log[a'/? + b1/3 x| +
3a3p b /3 b

a\l/3
(_ _) b'/3 Log [a2/3 _al/3pl/3 x4 p2/3 Xz] +al”3 Log [a +b xﬂ
b

Problem 372: Result more than twice size of optimal antiderivative.

Jx (2 (§)1/3C+CX) N
a-bx3

Optimal (type 3, 53 leaves, 4 steps):

2x
1+

2CAr‘cTan[f“ﬁ;¥] CLOg[(ﬁ)lﬂ—x}
V3 b b

Result (type 3, 147 leaves):
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1+2b1/3x
1 a\1/3 a\1/3
- |23 (—) b1/3Ar'cTan[—al/3 ]+2(—) b/? Log[al/? - b!/3 ] -
3a'/°b b 3 b

a\l/3
(_] b'/3 Log [a2/3 +al/3pl/3 x4 p2/3 Xz] +al”3 Log [a _b x3]

Problem 430: Result unnecessarily involves imaginary or complex numbers.

dx

st (c+dx+ex?)
va+bx3
Optimal (type 4, 583 leaves, 10 steps):

4aea+bx3 2cxVa+bx3 2dx2Va+bx3 2ex3Va+bx3
- + + + -

9 b2 5b 7b 9b

3
8adVa+bx® L la gua /27\5 a4/3d(a1/3+b1/3x)
7652 ([14 3 ) a1+ b1

a2/3 _ 3q1/3 pl/3 y 4 p2/3 y2 1-+/3 ) al’3 + bl/3 x
EllipticE [ArcSin|

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-4v3]|/

. al/3 (a1/3+b1/3x> .
7o ((1+\/?)a1/3+b1/3x)2 2rbx

a2/3 _ gl/3 pl/3 x 4 p2/3 x2

(

|, -7-4v3] |/

42443 a (7Y% c-10 (1-/3 ] a2 d) (a¥?+ b3

1++/3 ) al’3 4+ b3 x 2

=

( _ﬁ) al/3 L pl/3
(1+\/?) al/3 4+ bl/3

EllipticF[ArcSin|

al/3 (g1/3 4 pl/3 x
35 3Y4p>/3 ( ) \Ja+bx?

((1+\/?) a1/3+b1/3x)2

Result (type 4, 329 leaves):

| 67
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1

315 (-b)**~va+bx?

2 (—b)2/3 (a+bx®) (-70ae+bx (63c+5x (9d+7ex))) +

al/3 al/3 32/3

b3 B3 )23 2
360 (_1)2/331/4a5/3bd\/<_1>5/6 [_1+MJ \/1+ ( ) X . ( ) X

\/ (71)5/6 i(=b)Y3x
al/3

EllipticE [Ar‘cSin [

[s (-1)*7] -

31/4

(_1)5/6 (_a1/3 + (—b)1/3 x)

al/3

12i3%4a%3p (7 (-b)*?cr 100 d) J

al/3

J (71)5/6 i(=b)Y3x

p)1/3 )23 2
\/1+ (-b) ™" x N (-b)""x EllipticF [ArcSin| 15 (’1>1/3]

a1/3 a2/3 31/4

Problem 431: Result unnecessarily involves imaginary or complex numbers.

dx

sz (c+dx+ex2)
va+bx3

Optimal (type 4, 560 leaves, 8 steps):
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2cva+bx? 2dxvVa+bx? 2ex?+va+bx3

+ + -

3b 5b 7b

8aeva+bx3
7 b5/3 ((1+\/?) al/3 | pl/3 x)

+ 14 31/4 2_\/? a4/3e (a1/3 4 b1/3 X)

EllipticE [ArcSin|

a2/3 _ 31/3 pl/3 y 4 p2/3 x2 (1—\/?) al/3 4+ bl/3 x T
-7-4+/3 /
\I<(1+ﬁ)a1/3+b1/3x)2 (1+ﬁ)a1/3+b1/3x], }

a1/3 <a1/3+b1/3x>
7 b5/3 Ja+bx® | -

((1+\/?) a1/3+b1/3x)2

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) al’? + bl/3 x 2

4243 a(7b"7d-10 (1-V/3]a' e (a1/3+b1/3x)\|

=

[( 7\5) al/3 4 pl/3 x

EllipticF [ArcSin
(1+\/?) al/3 4 pl/3 x

|, -7-43]/

a1/3 (61/3+b1/3 X)
35 34 p3/3 rJa+rbx3

((1+\/?) 31/3+b1/3x)2

Result (type 4, 319leaves):
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1

105 <7b)5/3 Va+bx3

(_b)l/BX
2 (—b)2/3 (a+bx?) (35c+3x (7d+5ex)) +120 (-1)2/3 314253 e | (-1)%° [-1+ T]
a

_p)3 _b)2/3 2 V2
\/1+ (-b) 7 " (-b) E1lipticE [ArcSin| : I (-2)*7] -
al/3 32/3 31/4

J_ (_1>5/6 _i(-b)¥3x

(_1>5/6 (_al/sJr (_b)l/s x)

a1/3

413%%a%2 (7 (-b)**ds10ae) J

(C6)7x  (-b)?7 2 \/(1)5/5%
1+ s EllipticF[ArcSin] o 1, (-1)*7]

Problem 432: Result unnecessarily involves imaginary or complex numbers.

dx

Jx(c+dx+ex2>
Va+bx3

Optimal (type 4, 537 leaves, 6 steps):
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2dvVa+bx? 2ex‘Va+bx3 2cvVa+bx3
+

+ —

3b 5b b2/3((1+\/?) a1/3+b1/3x>

2/3 1/3 Ki1/3 2/3 2
[ a’? -a’?b/>x+b*?x
31/4 2_4/3 a1/3c (a1/3+b1/3 X) \I

((1+\/?) a1/3+b1/3x)2

(1_\/?) al/3 4 pl/3 x

(1+ﬁ) al’? 1 b1/3 x

EllipticE [Ar‘cSin [

|, -7-43]/

Vs al’3 (al/3 4 b1/3 x) S|
° ((1+\/?)a1/3+b1/3x>2 2o

a2/3 _ g1l/3 pl/3 x 4 p2/3 x2

([1473) a2 022 x)?

2~/2++/3 a3 (5 (1—\/?) b2/3c+2a2/3e) (a1/3+b1/3x) \I

=

( _\/?) al/3 | pl/3

(1+\E) al/3 4+ bl/3 x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

1/3 1/3 1/3
a a/?+bt°x
5 314p*3 ( ) \Ja+bx®

((1+\/?) a1/3+b1/3x)2

Result (type 4, 314 leaves):
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1

15 (7b>5/3 Va+bx3

(—b>1/3x

-2 (—b)2/3 (5d+3ex) (a+bx?) +30 (-1)2/3 31/4a2/3bc\/ (-1)°¢ (-1+ e
a

al/3

\/_ (_1)5/6 _i(b)¥3x

p)1/3 p)23 2
\/1+ (-b) 7 + (-b) 7" EllipticE [ArcSin|

1/3
al/3 a2/3 ]’ <_1> ] +

31/4

(_1)5/6 (_al/g + (—b)1/3 X)

a1/3

21 3343273 (—5bc+2a2/3 (-b)*? e) \/

\/ (71)5/6 _i(=b)Y3x

al/3

_p)1/3 _b)2/3 2
\/1+ ( ) X + ( ) X EllipticF[ArcSin[ ], (’1>1/3]

a1/3 a2/3 31/4

Problem 433: Result unnecessarily involves imaginary or complex numbers.
c+dx+ex?
J; dx
Vva+bx3
Optimal (type 4, 509 leaves, 5 steps):
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2eva+bx3 2dvVa+bx3

+ —

3b h2/3 ((1+\/?) al/3 , pl/3 x)

a2/3 _ a1/3 b1/3 X + b2/3 X2
31/4Al2_4/3 al/Bd(a1/3+b1/3X)\l

((1+\/?) a1/3+b1/3x)2

(1_\/?) al/3 4 bl/3

(1+ﬁ) al’? 1 b1/3 x

EllipticE [Ar‘cSin [

), -7-av3] |/

Vs al/3 (31/3 +bl/3 X) ;
b ((1+\/?)a1/3+b1/3x>2 \/a+bx +

a2/3 _ al/3 pl/3 x 4 p2/3 2

([1473) a2 bt x)?

225 [Bc (1T ] a7 d) (20 b0x) J

(1_\/?) al/3 | pl/3

(1+\E) al/3 4+ bl/3 x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

1/3 1/3 1/3
a a’/? +b*°x
31/4 p2/3 ( ) \Ja+bx®

([1473) a2 b2 x)?

Result (type 4, 305 leaves):

(*b)lBX
~|[2(-b)*?e (a+bx?) -6 (-1)*?3V4a23bd | (-1)>° [—1+ =

al/3

+ EllipticE [ArcSin|
a1/3 a2/3 31/4

1/3 2/3 o _(_1)5/6 _ J'L(-ki/):/3x
Jh(_b) x [-b)"7x \/< ) - o (-1)*2]+

<_1>5/6 (—a1/3+ (—b)l/sx) \/1+ (—b)1/3x (_b)2/3 X2

213743 [ (-b)c+ad] "
al/3 a1/3 a2/3

\/_ (_1)5/6 _i(-b)Y3x

S ]|/ 3 e faee

EllipticF [ArcSin|

31/4
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Problem 434: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?
J;m
xVa+bx3

Optimal (type 4, 518 leaves, 7 steps):

+ 3
2evaibx® ZCAPCTanh[%]

p2/3 ((1+\/?) al/3 | pl/3 x) 3+/a

a2/3 _ a1/3 b1/3 X + b2/3 XZ
31/4 2 - 3 a1/3e (a1/3+b1/3 X) ;
e [1+43 ) a2 o]

=

( _ﬁ) al/3 L pl/3
(1+\/?) al/3 4 bl/3

EllipticE[ArcSin|

|, -7-4v3]|/

1/3 (41/3 , p1/3

a a2+ b x

p2/3 ( ) Ja+bx® |+
2

((1+\E> a1/3+b1/3x)

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) al’3 4+ bl/3 x 2

27/2+4/3 (b'2d- (1-+/3] a'e] (a2 4 b2

1-/3 ) al/3 | pl/3

(1+\/?) al’3 + b3 x

EllipticF [ArcSin|

), -7-4v3]|/

1/3 1/3 1/3
a a‘’? + b3 x
31/4 p2/3 ( ) \Ja+bx3

((1+\/?) al/3+b1/3X)2

Result (type 4, 493 leaves):
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2 c ArcTanh| @]

a

3+/a

1/3 , p1/3 _1)\1/3 3173 _ (_q1)2/3p1/3
[2d((1)”3a”3b”3x)J | alab X J (£1) 7at2- () X Ellipticr|

1+ (_1>1/3) 3173 (1+ (_1>1/3) al/3

/

13, (_1)2/3 p1/3
ArcSin| 2 (1) X » (1))
(1+ (—1)1/3) al/3

(1+(-2)?) a2

(_1> 1/3 a1/3 _ (_1) 2/3 b1/3 X

(1+(-2)2) a2

247 ate (1) a1 b1y J

J<1>1/6 ib'/3x
23 _q1)1/3
(71+ (71)2/3) E1lipticE[ArcSin| : 1, (-3) ] + EllipticF|
31/4 1+ <_1>1/3

1/6 ib'/3
\/<—1> - al/BX (71)1/3

ArcSin| 314 s 1. (_1>1/3} /

bZ/BJ al/3 4 (71)2/3 bl/3 x W

(1+ (1)) a2

Problem 435: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?
Jidlx
x2va+bx3

Optimal (type 4, 547 leaves, 8 steps):
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A/ a+bx?
cVaribx® b3 c\Varbx® 2dArcTanh| " ] )

— + —

ax a((1+\/?)a1/3+b1/3x) 3+/a

2/3 _ 41/3 p1/3 2/3 32
3145 /3 b1/3c(a1/3+b1/3x)\l a”-a’" b x+ b x

((1+\/?) a1/3+b1/3x)2

[(1\5) al/3 4 pl/3 x

EllipticE [ArcSin
13 b

|, -7-43]/

1/3 (41/3 | p1/3
a at’? + b3 x
2 a2/3 ( ) a+bx® | -

((1+\/?) a1/3+b1/3x)2

a2/3 _ a1/3 b1/3 X + b2/3 X2

2+4/3 ((1—\/?) b2/3c—2a2/3e) (a1/3+b1/3x)
((1+\/?) al’3 + b3 x 2

1—\/?) al/3 4+ bl/3 x

(1+ﬁ) al’? 1 b1/3 x

EllipticF [Ar‘cSin [

|, -7-av3]|/

1/3 (g1/3 4 pl/3
31/4 52/3 p1/3 a <a + X> . [a+bx3
((1+\/?) a1/3+b1/3x)

Result (type 4, 513 leaves):
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cVaib® 2dAr‘cTanh[3igE]

ax 3+/a

1/3 , p1/3 _1)\1/3 3173 _ (_q1)2/3p1/3
[2e((1)1/3a1/3b1/3x)\l ( altrbrix \I (-1) " (-2) X EllipticF|
1

N (_1>1/3) a1/3 (1+ (_1>1/3) al/3

/

13, (_1)2/3 p1/3
ArcSin| 2 (1) X » (1))
(1+ (—1)1/3) al/3

(1+(-2)?) a2

<_1>1/3 a1/3 _ (_1) 2/3 b1/3 X

(1+(-2)2) a2

A2 b3 ¢ ( <71>1/3 al/3 _pl/3 x) \I

J<1>1/6 ib'/3x
23 _q1)1/3
(71+ (71)2/3) E1lipticE[ArcSin| : 1, (-3) ] + EllipticF|
31/4 1+ <_1>1/3

i b/
\/<_1)1/6‘ :i/zx (71)1/3 al/3 . (71)2/3 bl/3 x
ArcSin| B 1/3} / a?/3 \Ja+bx?

31/4 1+ (_1> (1+ (_1)1/3) al/3

Problem 436: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?
Jidlx
x3vVa+bx3

Optimal (type 4, 569 leaves, 9 steps):
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cva+rbx? d/arbx3 bl/3d+/a+bx3
- - +

2ax? ax a((1+\/?)a1/3+b1/3x)

2 e ArcTanh [ Lazex
earetan [ Va ]7 314,02 /3 b1/3d(a1/3+b1/3x)

3+/a

EllipticE [ArcSin

a2/3 _ q1/3 pl/3 y 4 p2/3 y2 (1—\/?) al’3 + bl/3 x 5
-7-4+/3 /
\I((1+\/?)a1/3+b1/3x)2 [(1+\/?)a1/3+b1/3x], }

1/3 (41/3 | pl/3
a a2 +b*/2x
2 a%/3 ( ) Ja+bx3 | -

([1473) a2 02 x)?

a2/3 _ g1l/3 pl/3 x4 p2/3 x2

((1+\/?) al/3 + bl/3 x 2

2+\/? pl/3 (b1/3c+2 (1—&) al/3 d) (al/3+b1/3 X) \I

=

( _ﬁ) al/3 L pl/3
[(1+\/?) al/3 4+ bl/3 x

EllipticF [ArcSin

|, -7-4v3] |/

1/3 (41/3 , pl/3
a a“’? +b*°x
2 3143 ( ) \Ja+bx®

((1+\/?) a1/3+b1/3x)2

Result (type 4, 525leaves):
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2 eAr‘cTanh[@]

(c+2dx>\/a+bx3 N
2 ax? 3\/?
1/3 1/3 _1)\1/3 3173 _ (_1)2/3p1/3
b2/3 ¢ ((_1>1/3 al/3 _pl/3 x) a’’?+b""x ( ) a ( ) X EllipticF[
(1+(-2)*2) a2 (1+(-2)*?) a2

1/3 _1)2/3p1/3 1/3 _1)2/3 p1/3
Ar‘cSin[Ja - 1) X],<1>1/3]]/ 2a\la - (=1) X Jaibx | -

(1+ (_1)1/3) al/3 (1+ (_1>1/3) a1/3

<_1>1/3 a1/3 _ (_1) 2/3 b1/3 X

(1+(-2)2) a2

A2 b3 d ( <71>1/3 al/3 _pl/3 x) \I

J<1>1/6 i b3 x
23 _q1)1/3
(71+ (71)2/3) E1lipticE[ArcSin| : 1, (-3) ] + EllipticF|
31/4 1+ <_1>1/3

i b/
\/<_1>1/6‘ :i/zx (71)1/3 al/3 . (71)2/3 bl/3 x
ArcSin| B 1/3} / a?/3 \Ja+bx?

31/4 1+ (_1> (1+ (_1)1/3) al/3

Problem 437: Result unnecessarily involves imaginary or complex numbers.

dx

JXS (c+dx+ex2)

(a+bx3)3’/2

Optimal (type 4, 594 leaves, 8 steps):
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2x (ad+aex-bcx?) 4cva+bx® 2dxVa+bx} 2ex2Va+bx3

+ + + -

3p2/a:bx3 3b2 5 b2 7 b2

3
80aem . a0 /27\/? a3 e (al/3+b1/3x)
21683 (143 ) at/3 + b3 x)

a2/3 _ 3q1/3 pl/3 y 4 p2/3 x2 1-+/3 ) al’3 + bl/3 x
EllipticE [ArcSin|

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-4v3]|/

1/3 1/3 b1/3
7 33/4p8/3 2l (i + 6" x) - Jarbx® | -
([(1673) a2 524

a2/3 _ al/3 pl/3 x + p2/3 x2

((1+\/?) al/3 + b3 x 2

16+/2++/3 a (14b1/3d725 (17\/?) a1/3e) (a3 + b3 x)

=

[( _\/?) al/3 L pl/3

EllipticF [ArcSin
(1+\E) al’3 + pl/3 x

|, -7-4v3]|/

1/3 1/3 1/3
a a + b x
105 - 31/4p8/3 ( ) \Ja+bx?

((1+\/?) a1/3+b1/3x)2

Result (type 4, 334 leaves):
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1

315 (-b)**~va+bx?

6 (-b)*? (a(76c+56dx+50ex?) +bx? (35¢c+3x (7d+5ex))) +

_p)1/3
1200 (-1)2/3 31/4 a5/3e\/ (-1)°>° [-1+ u
a1/3

al/3 a2/3

\/1+ (—b)1/3x ) (—b>2/3 2

\/ (71)5/6 i(=b)Y3x
al/3

EllipticE [Ar‘cSin [

[s (-1)*7] -

31/4

(_1>5/6 (_a1/3 . <_b>1/3 x)

al/3

1613%4a%? (14 (-b)**d+ 252" e \/

al/3

J (71)5/6 i(=b)Y3x

p)1/3 )23 2
\/1+ (-b) ™" x N (-b)""x EllipticF [ArcSin| 15 (’1>1/3]

a1/3 a2/3 31/4

Problem 438: Result unnecessarily involves imaginary or complex numbers.

dx

Jx“ (c+dx+ex2)

(a+bx3)>?2

Optimal (type 4, 574 leaves, 7 steps):
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2x(ae—bcx—bdx2) 4d+a+bx> 2exva+bx3
+ +
3p2+/a+bx3 3b? 5 b?

3
8cVa+bx® _a /27\5 al/3 ¢ (al/3+b1/3x>
3652 (1443 ) a2 4 b2 x

+

EllipticE [ArcSin|

2/3 _ 51/3 11/3 2/3 2 1-+/3 ) a3 :p3x
a at’? b2 x+ b7 x ) ],_7_4\/?} /
((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4+ bl/3 x

a1/3 <a1/3 +b1/3 X)
3/4 1,5/3 / 3|
S TR PP

a2/3 _ g1l/3 pl/3 x 4 p2/3 x2

([1+73) a2 602 x)?

8+/2++/3 al/3 (5 (17\/?) b2/3c+4a2/3e) (a1/3+b1/3x)\l

=

[( _\/?) al/3 L pl/3

EllipticF [ArcSin
(1+\E) al’3 + pl/3 x

|, -7-4v3]|/

1/3 1/3 1/3
a a2+ b2 x
15 3Y4p7/3 ( ) \Ja+bx?

([1473] a2 bv3x)’

Result (type 4, 330leaves):
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1

45 <fb)8/3\/a+bx3

6 (-b)*? (2a (5d+4ex) +bx? (-5¢c+5dx+3ex?)) -

al/3 al/3 32/3

b3 B3 )23 2
120 (_1)2/331/4a2/3bc\/<_1>5/6 [_1+MJ \/1+ ( ) X . ( ) X

\/ (71)5/6 i(=b)Y3x
al/3

EllipticE [Ar‘cSin [

1 (1] -

(_1>5/6 (_31/3 + (—b)1/3 x)

al/3

81 33/4 a2/3 (—5bc+4a2/3 (-b)*? e) \/

al/3

J (71)5/6 i(=b)Y3x

p)1/3 )23 2
\/1+ (-b) ™" x N (-b)""x EllipticF [ArcSin| 15 (’1>1/3]

a1/3 a2/3 31/4

Problem 439: Result unnecessarily involves imaginary or complex numbers.

dx

JXB (c+dx+ex2)

(a+bx3)>?2

Optimal (type 4, 542 leaves, 6 steps):
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2x (c+dx+ex?) 4de+a+bx? 8d+Va+bx3

+

N 3 35 (1443 ) a2 0]

2/3 _ 51/3 K/1/3 2/3 2
4mal/3d (a1/3+b1/3x> a a b X+b X
((1+\/?) a1/3’+b1/3’x>2

1—\/?) al/3 4+ bl/3 x

(1+ﬁ) al’? 1 b1/3 x

EllipticE [Ar‘cSin [

|, -7-43]/

1/3 1/3 1/3
a a't’? + b3 x
33/4 p5/3 ( ) Ja+rbx® |+

((1+\/?) a1/3'+b1/3x)2

a2/3 _ al/3 pl/3 x 4+ p2/3 2

4+/2+3 (b1/3c-2 (1—x/?) a1/3d) <a1/3+b1/3x>J

(1473 ) a2 02 x)?

(1_\/?) al/3 | pl/3

(1+\E) al/3 4+ bl/3 x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

1/3 1/3 1/3
a a/?+bt°x
3 3M4p3? ( ) \Ja+bx®

((1+\/?) a1/3+b1/3x)2

Result (type 4, 319leaves):
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1

9 (-b)**Va+bx3

(—b)1/3x

6 (—b)2/3 (2ae+bx (-c-dx+ex?)) -24 (—1)2/3 31/4a2/3bd\/ (—1)5/6 [—1+ 0
a

al/3

\/_ (_1)5/6 _i(b)¥3x

p)1/3 p)23 2
\/1+ (-b) 7 + (-b) 7" EllipticE [ArcSin|

1/3
al/3 a2/3 ]’ <_1> ] +

31/4

_1)5/6 [_a1/3, (_p)Y/3
4]'133/4a1/3b((—b)1/3c+231/3d>\/( > ( +< ) )
al/3

\/ (71)5/6 _i(=b)Y3x

al/3

_p)1/3 _b)2/3 2
\/1+ ( ) X + ( ) X EllipticF[ArcSin[ ], (’1>1/3]

a1/3 a2/3 31/4

Problem 440: Result unnecessarily involves imaginary or complex numbers.

dx

sz (c+dx+ex2)

(a+bx3)3/2

Optimal (type 4, 522 leaves, 4 steps):



86 | Mathematica 11.3 Integration Test Results for 1.1.3.8 P(x) (c x)™"m (a+b x”n)”p.nb

2 (c+dx+ex?) 8eva+bx3
- +
3bva+bx3 3b5/3((1+\/?) a1/3+b1/3x)

2/3 _ 51/3 K/1/3 2/3 2
4mal/3e (al/3+b1/3x> a a b X+b X
((1+\/?) al/3+|:,1/3x)2

1—\/?) al/3 4+ bl/3 x

(1+ﬁ) al’? 1 b1/3 x

EllipticE [Ar‘cSin [

|, -7-43]/

1/3 1/3 1/3
a a't’? + b3 x
33/4 p5/3 ( ) Ja+rbx® |+

((1+\/?) a1/3'+b1/3x)2

a2/3 _ al/3 pl/3 x 4+ p2/3 2

(1473 ) a2 02 x)?

4+/2+3 (b1/3d-2 (1—x/?) a1/3e) <a1/3+b1/3x>J

(1_\/?) al/3 | pl/3

(1+\E) al/3 4+ bl/3 x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

al/3 (al/3 1 pl/3 x
3 3M4p3? ( ) , NVa+bx
((1+\/?) a1/3+b1/3x)

Result (type 4, 305 leaves):

1 2/3 2/3 5/6 (7b)1/3x
6 (-b)*° (c+x (d+ex)) +24 (-1)*°3*a%3e | (-1) -1+ s
9( b)S/S /a+bx3 a
(—b)1/3x (—b)2/3x2 \/—(—1)5/6_ ]-L(_;/)/:/sx
14 + EllipticE [ArcSin| [s (-2)*7] -
al/3 32/3 34

<_1>5/6 (_al/s+ (—b)1/3 x)

31/3

4 j 33/4 313 ((—b)1/3d+2a1/3e) \/

\/ (71)5/6 _i(=b)Y3x

al/3

_b 1/3 b 2/3 2
\/1+ ( ) X + ( ) X EllipticF[ArcSin[ ], (’1>1/3]

a1/3 aZ/B 31/4
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Problem 441: Result unnecessarily involves imaginary or complex numbers.

dx

X (c+dx+ex?)
J
(

a+bx3)3/2

Optimal (type 4, 561 leaves, 6 steps):
2x (ae-bcx-bdx?*) 2d+va+bx?
3abvVa+bx3 3ab

2cvVa+bx3
3ab?/3 ((1+ﬁ) a1/3+b1/3x)

+|V2-/3 c(a?+b'3x)

a2/3 _ 3q1/3 pl/3 y 4 p2/3 y2 (1 -4/3 ) al’3 + bl/3 x
EllipticE [ArcSin|

((1+ﬁ) al/3+|:,1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-43]/

1/3 1/3 1/3
a a2 +bt>x
33/4 a2/3 b2/3 ( ) /a 4 b X3 +

((1+\/?) a1/3+b1/3x)2

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\E> al/3 + b1/3 x 2

2~/2++/3 <b2/3 (c—\/?c)+232/3e> <a1/3+b1/3x)

[(1\5) al/3 | pl/3

EllipticF [ArcSin
(1+\/?) al/’3 + bl/3 x

|, -7-4v3] |/

1/3 1/3 1/3
a a‘’? +b*3x
3 31/4 a2/3 b4/3 ( ) 'a+bx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 317 leaves):
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1

9a (7b>5/3\/a+bx3

(—b)1/3x

6 (—b)Z/3 (bcx*-a(d+ex)) +6 (—1)2/3 31/4a2/3bc\/ (—1)5/6 [—1+ s
a

1/3 2/3 _(_1>5/5_ﬂ_(—_b)ﬁ
1 <_b> X <_b> x2 al/3
+

PR EllipticE [ArcSin| e Jo (-1)*7] +

_1)5/6 (_g1/3, (_p\1/3«
2§ 33/4 52/3 (—bc+2a2/3 (‘b)l/ge) \/ < > ( 1/3 ( ) )
a
5/6  i(-b)Y/3x
(_b>1/3x <_ >2/3 5 \/<1> - al/3 1/3
1+ a1/3 N o EllipticF[Ar‘cSin[ 314 }: (*1) / ]

Problem 442: Result unnecessarily involves imaginary or complex numbers.
c+dx+ex?
—dx
J(a+bx3)3/2

Optimal (type 4, 532 leaves, 4 steps):
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2dVa+bx3 2 (ae-bx (c+dx))

- +

_3ab2/3((1+\/?)a1/3+b1/3x> 3ab+a+bx?

a2/3 _ a1/3 b1/3 X + b2/3 XZ

((1+\/?) a1/9’+b1/3x)2

2-+/3 d (a1/3+b1/3x) J

1—\/?) al/3 4+ bl/3 x

(1+ﬁ) al’? 1 b1/3 x

EllipticE [Ar‘cSin [

|, -7-43]/

1/3 (31/3 , pl/3
33/4 32/3 py2/3 a (a ° X> ; AJa+bx3 | +
((1+\/?) a1/3+b1/3x)

a2/3 _ al/3 pl/3 x 4 p2/3 2

([1473) a2 bt x)?

225 (B cs (1T ] 2 d) (2060 x) J

(1_\/?) al/3 | pl/3

(1+\E) al/3 4+ bl/3 x

EllipticF [Ar‘cSin [

|, -7-4v3]|/

1/3 1/3 1/3
a a’?+bY°x
3 31/4ab2/3 ( > ’a+bx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 314 leaves):
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1

9a (7b>5/3\/a+bx3

(—b)1/3x

6(—b)2/3 (—ae+bx(c+dx))+6(—1)2/331/4a2/3bd\/(—1)5/6 [-1+ s

_p)3 _b)2/3 2 V2
\/1+ (-b) 7 " (-b) E1lipticE [ArcSin| : Jo (-2)*P]
al/3 32/3 31/4

J_ (_1>5/6 _i(-b)¥3x

(_1)5/6 (_al/g + (—b)1/3 X)

213433 p ((—b)1/3c—a1/3d> \/
al/3

(C6)7x  (-b)?7 2 \/(1)5/5%
1+ s EllipticF[ArcSin] o 1, (-1)*7]

Problem 443: Result unnecessarily involves imaginary or complex numbers.
c+dx+ex?
J— dx
X <a+bx3)3/2

Optimal (type 4, 579 leaves, 10 steps):
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2x (ad+aex-bcx?) 2cva+bx3 2eJa+bx3

+

3a2V/a+bx® 3a? 3ab2/3((1+\/?)a1/3+b1/3x)
2cAr‘cTanh[@]
Ja

3 a3/2

((1+\/?) a:”3+b1/3x)2

2/3 _ 41/3 b1/3 b2/3 2
+ \lzﬁe(a1/3+b1/3x)\la a X X

(1_\/?) al/3 L pl/3

EllipticE[Ar‘cSin[
(1+\E) al/3 4+ bl/3 x

|, -7-4v3]|/

1/3 1/3 1/3
a a’?+bY°x
33/4 a2/3 b2/3 ( > /a n b X3 +

[(1473) a2 02 x)?

a2/3 _ g1/3 pl/3 x 4+ p2/3 x2

(

|, -7-4v3]|/

2

2[235 [03d+ (173 ) ate) (a3 bt
1+\E) al/3 4+ bl/3 x

(1_ﬁ) al/3 L pl/3
[(1+\/?) al/3 4+ bl/3 x

EllipticF [ArcSin

1/3 1/3 1/3

a at’? + bt x

3 31/4ab2/3 ( > ’a+bx3
2

((1+\/?) a1/3+b1/3x)

Result (type 4, 518 leaves):
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C Ar‘cTanh[@}

1 c+x (d+ex) 3

3a | Vaibx va

1/3 , pl/3 (71>1/3 al/3 _ (71>2/3 bl/3 x
d((-1)¥3al/? _pl/3x o EllipticF
(< ) ) \I (1+ (71>1/3> a1/3 J (1+ (71)1/3) al/3 [

1/3 1 2/3 pl/3 1/3 1 2/3 pl/3
Ar‘cSin[\la - (1) X ]s (—1)1/3} /[b1/3\la - (1) X Ja+rbx® |+

(1+ (71>1/3) 31/3 (1+ (—1)1/3) al/3

(71) 1/3 a1/3 B (71> 2/3 b1/3 X

(1+ (1)) a2

V2 at3e ((_1)1/3 al/3 _pl/3 x) J

(—1+ (—1)2/3) EllipticE [ArcSin| B

(71)1/6 _ib¥3x

EllipticF [Ar‘c51n [ 31/ ] 4 1 ( 1) 1/3 ] /
“1+ (-

[b2/3\l at’? + (_1)2/3 b™> x Ja+bx3

(1+(-1)?) a2

Problem 444: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?
J—dlx
x2 (a+bx3)3/2

Optimal (type 4, 607 leaves, 11 steps):
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2x (ae-bcx-bdx?) 2dva+bx® cVa+bx3
+ - +
3a2v/a+bx3 3a’ a% x

5b13c/arbxd 2dAr‘cTanh[@}

_ Va _ls+2-+/3 bY3c (a1/3+b1/3x)
3a2( 1+\E) a1/3+b1/3x) 3a3/2
2/3 _ 41/3 11/3 2/3 2 1-+/3 ] a3 +b3x
2 A Tb X b EllipticE[ArcSin| ) |, -7-4+/3] /
(103 ) 2 oo x)? [104/3) o b

1/3 (41/3 | pl/3
a a/?+bt>x
2 334 g°/3 ( ) \Ja+bx® | -

((1+\/?) a1/3+b1/3x)2

a2/3 _ a1/3 b1/3 X + b2/3 XZ

((1+\5) al/3 + b3 x 2

2443 (5 (1—\5) b2/3c—2a2/3e) <a1/3+b1/3x>J

(17\5) al/3 | pl/3

(1+\/?) al’3? + bl/3 x

EllipticF[ArcSin|

|, -7-4v3] |/

1/3 (41/3 , p1/3
a a‘’? +b*°x
3 31/4 a5/3 b1/3 ( ) 'a+bx3

((1+\E) a1/3+b1/3x)2

Result (type 4, 542 leaves):
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-3ac-5bcx3+2ax (d+ex)

3aZxVa+bx3
./ 3 1/3 , wi/3
L4\/?dAr‘cTanh[a+—bx]+ 4ae((—1)1/3a1/3—b1/3x) all+b’x
6a’ Va 1+ (-2)) av2

al/3 , (_1) / bl/3 x }) (71>1/3] /

(1+(-2)*2) a2

J (_1>1/3 a1/3 _ (_1)2/3 b1/3 X

EllipticF [ArcSin|
(1+(-2)?) a2

+

[bl/s\l 2l (71>2/3 b7 x Ja+bx?

(14 (-2)22) a1

(_1) 1/3 q1/3 _ <_1>2/3 bl/3 x

(1+(-1)?) a2

10+/2 a3 b3 ¢ ( (71> 1/3 J1/3 _ y1/3 x) \I

(71)1/67 ibY/3x s
ys )
(-1+ (-1)*) ELLipticE [ArcSin| 1, 1) ] + EllipticF|
31/4 1+ (71)1/3

\/(_1)1/6_ibl/3x s 3
1/3 1)V 1/3 _1)2/3 p1/3
ArcSin| ’ B (-1) ] /[Ja + (1) X \Ja+bx?

31/4 -1+ (-1)? (1+ (,1)1/3) al/3

Problem 445: Result unnecessarily involves imaginary or complex numbers.
Jx3x/a+bx3 (c+dx+ex?+fx?+gx?) dx

Optimal (type 4, 733 leaves, 13 steps):
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4a2ea+bx® 6a(l7bc-8af)xVa+bx® 6a(19bd-10ag) x*Va+bx?
+

- + +
45 b2 935 b? 1729 b2

2aex*Va+bx®> 6afx*vVa+bx’} 6agx’Va+bx? 24a% (19bd-10ag) Va+bx?
+ + - +

45 b 187 b 247 b 1729 b8/3 ((1_'_4/3 ) al/3 4 pl/3 X)

1
2x*\[a+bx’ (62985cx+53295d x> +46189 e x> + 40755 f x* + 36465 g x°) +
692835

12 3Y%4/2-+/3 a’? (19bd-10ag) (a'/*+ b3 x)

a2/3 _ a1/3 p1/3 x | p2/3 x2 o ' 1-+3 ) al/3 4+ bl/3 x
EllipticE [ArcSin|

((1+\E) a1/3+b1/3x)2 (1+ﬁ) al/3 4 pl/3 x

|, -7-43]/

a1/3 a1/3 + b1/3 X
1729 b®/3 ( ) rJa+bx®

((1+\E) al/3+b1/3x)2

4 3¥4+]2.:4/3 a? (1729 b3 (17bc-8af) - 1870 (1-ﬁ) al/3 (19bd-1eag)) (a3 + b3 x)

2/3 _ 41/3 y1/3 2/3 2 1-+/3 ) a3 b3
2 A Tbr X bT X EllipticF [ArcSin| ) |, -7-4+3] /
IRGEr (1043 ) a3 b5 x

al/3 (a1/3 + pl/3 X)
161 1 8/3 3
616615b " A/ a+bx

((1+\/?) al/3 | pl/3 x)

Result (type 4, 433 leaves):
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1

14549535 (7b)8/3 Va+bx3

2 (-b)?? (a+bx®) (-2a% (323323 e+27x (6916 f + 4675 g x) ) + 21 b2 x*

(62985 c+11x (4845d+13x (323e+285Ffx+255g%°))) +
abx (793611 c+x (479655d+7x (46189 e +135x (247 f+187gx))))) +

(_1>5/5 (—a1/3+ (_b)l/B x)

al/3

201960 (-1)%?34a%2 (19bd-10ag) J

. . . 1/3
s o EllipticE [ArcSin| e 1> (-1)*°] -

_ (_1)5/6_ i(-b)Y3x
\/ (_b>1/3x (_b)Z/S x2 a1/3
1+ +
36 1 33/4 37/3 (323b (91 (-b)*?c+110 a1/3d) _4 (3458a (~b)/? £ + 4675 a4/3g))

[ N AT

a1/3 al/3 a2/3

\/ (71)5/6 _i(-b)Y3x

al/3

EllipticF[ArcSin| T 1, (-1)*7]
3

Problem 446: Result unnecessarily involves imaginary or complex numbers.
szxla+bx3 (c+dx+ex?+fx*+gxt) dx

Optimal (type 4, 681 leaves, 11 steps):
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2a(5bc-2af)Va+bx’ 6a(l17bd-8ag)xvVa+bx®> 6eaex?/a+bx3

+ + +
45 b? 935 b? 91b
2afx3va+bx> 6agx*+a+bx3 24a’e/a+bx?
+ - +
45b 187 b 91 b5/3 ((1+\/?) al/3 4 pl/3 x)

2x2va+bx? (12155cx+9945d x? + 8415 e x> + 7293 f x* + 6435 g x°)
109 395

a2/3 _ al/3 pl/3 x 4 p2/3 x2
12 31/44l27 /3 a7/3e (a1/3+b1/3 X) ;
((1+\/3 ) a1/3+b1/3x)

+

(17\5) al/3 4 pl/3 x

EllipticE[Ar‘cSin[(1 \/?) 13, pi/3
+ ar T+ X

), -7-433]|/

1/3 1/3 | pl/3
91 b5/3 a (a M X) - 'a+bx3 B

((1+\/?) al/3 | pl/3 x)

4 3¥44]2.:4/3 a2 (1547bd—1870 (14/3 ) al/3 b2/3e—728ag) (a3 + b3 x)

a2/3 _ al/3 pl/3 y 4 h2/3 x2 o . 1-+/3 ) al/3 4+ bl/3 x
EllipticF [Ar‘cSm[

((1+\/?) al/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

), -7-4v3]|/

1/3 1/3 b1/3
85085 b’/3 2 (a . X> ; Ja+bx3
((1+\/?) a1/3+b1/3x)

Result (type 4, 399 leaves):

| 97
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1

765765 (-b)®*~/a+bx?

2 (-b)*? (a+bx?)

(-182a% (187 f + 108 gx) + 7b* x> (12155 +9945d x + 33 x* (255e + 13 x (17 f+15gx) ]| +
ab (85085c+x (41769d+x (25245e+17017 fx+12285gx?)))) +

201960 (-1)*23V4a%3be | (-1)%°|-1+ (=0)""x 1. (-b)™°x . (-b)*’x
a1/3 a1/3 a2/3
\/_ (_1)5/6 _i(-b)¥3x
1/3
EllipticE [ArcSin| e ’ ], (-1)¥2] -

(_1)5/6 (—a1/3 + (_b>1/3 x)

36 i 33/4 37/3 (17b (91 <,b>1/3d+110 a1/3e) -728a <7b>1/3 g) \/ al/3

Jl 6]k (-b)¥ J A
+ +

. . . 1/3
s oy EllipticF [ArcSin| e 1, (-1)%7]

Problem 447: Result unnecessarily involves imaginary or complex numbers.
Jxﬂa+bx3 (c+dx+ex?+fx?+gxt) dx

Optimal (type 4, 667 leaves, 9 steps):
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2a(5bd-2ag)Va+bx> 6aexVa+bx3

+ +
45 b? 55b
6afx?/a+bx> 2agx’Va+bx3 6a(13bc-4af) Va+bx?
+ + +
91b 45b 91 b5/3 ((1+\/?) al/3 4 pl/3 x)

2xVa+bx? (6435cx+5005d x> +4095 e x> + 3465 f x* + 3003 g x° |
45045

a2/3 _ g1/3 pl/3 x 4 p2/3 x2

([1473) a2 022 x)?

3.3Y44/2-+/3 a*? (13bc-4af) (a¥?+b'3x)

[(1_\/?) al/3 L pl/3

EllipticE [Ar‘cSin
(1+\E) al/3 4+ bl/3 x

|, -7-4v3]|/

a1/3 (31/3 + b1/3 X)
91 b*/3 \Jarbx® | -

([1473) a2 b2 x)?

2 3%4424+/3 a¥? (1822722 e+ 55 (1-1/3 ) (13bc-4af)| (a2 bV x)

a2/3 _ a1/3 p1/3 x | p2/3 y2 o ' 1-+3 ) al/3 4+ bl/3 x
EllipticF [ArcSin|

((1+\E) ‘31/3,Jr|_,,1/3x)2 (1+ﬁ) al/3 4 pl/3 x

|, -7-43]/

a1/3 a1/3+b1/3x
5005 b°/3 ( ) ; rJa+bx3

((1+\E) a1/3+b1/3x)

Result (type 4, 390 leaves):
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1

45045 (7b)8/3 JVa+bx3

2 (-b)?? (a+bx®) (-2002a2g+b?x* (6435¢+7x (715d +585ex + 495 f x? +429gx*) ) +

ab (5005d+x (2457 e+11x (135f+91gx)))) -

<71>5/6 (7&‘1/3+ (7b)1/3 X)

al/3

2970 (-1)2/3 31/42%3p (13bc-4af) J

EllipticE[ArcSin|
a1/3 a2/3 31/4

1/3 2/3 o _(-1)5/8 _ ]'L(—t:)l)/://ax
J“(b) TS J( S ], (-1)*7] -

_1)5/6 (_a1/3Jr (_b>1/3 x)

a1/3

18 i 334353 b (—715bc+182 a?/3 (—b>1/3e+220af) \/

i (-b)1/3
\/1 (—b)1/3X (—b)2/3X2 \/_(_1)5/6_4?}33_)(
+ +

. . . 1/3
s o EllipticF [ArcSin| e 1, (-1)%7]

Problem 448: Result unnecessarily involves imaginary or complex numbers.
Jx/a+bx3 (c+dx+ex?+fx?+gx?) dx

Optimal (type 4, 639 leaves, 8steps):
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2aeva+bx® 6afxVa+bx? 6agx?/a+bx 6a (13bd-4ag) Va+bx?
+ + +

9b 55 b 91b 91b5/3((1+\/?> 31/3+b1/3x> +

2+Va+bx® (9009 c x + 6435 d x? + 5005 e X + 4095 f x* + 3465 g x°
45045

2/3 _ 41/3 p1/3 2/3 42
3 31/4ma4/3 (13bd-4ag) (a¥?+b'3x) a G
([17) 2 )’

[(1\5) al/3 | pl/3

EllipticE [ArcSin
(1+\/?) al/3 + pl/3 x

|, -7-4+3] /

o1 b5/3 a1/3 (a1/3 + b1/3 X) \/m .

((1+\E) a1/3+b1/3x)2

2 334 2+\/?a(91b1/3 (11bc-2af) -55 (1-ﬁ)a1/3 (13bd-4ag)) (a3 + b3 x)

EllipticF [Ar‘cSin

a2/3 _ al/3 pl/3 x4 h2/3 x2 (1—\/?) al/3 + bl/3 x 5
-7-4+/3 /
\I((1+\E)a1/3+bl/3x)2 [(1+\/?)a1/3+b1/3x], }

a1/3 (a1/3 + b1/3 X)
5005 b>/3 ; rJa+bx3

((14—\/?) a1/3+b1/3x)

Result (type 4, 393 leaves):
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- ! 2 (-b)?”? (a+bx?)

45045 (-b)**~/a+bx?

(a (5005e+27x (91 F+55gx)) +bx (9009 c+5x (1287d+7x (143 e+117 fx+99gx?}})) -

_1)5/6 (_al/3Jr (—b)1/3 x)

al/3

2970 (-1)*?3Y4a%3 (13bd-4ag) J

a1/3

\/ <71>5/6 _i(-b)Y3x

Lo (1))

a1/3 a2/3

(—b>1/3x <—b>2/3x2 o )
1+ + EllipticE [Ar‘c51n [
31/4

18i3%%a%? (143b (7 (-b)**c+5a"?d) -2a (91 (-b)** f+ 1102 g) |

J (-2)%/¢ a2+ (-b) x| Jl* [-6)°x (-b)x

al/3 al/3 a2/3

\/ <71>5/6 _i(-bh)¥3x

al/3

EllipticF[ArcSin| 1, (-1)*7?]

31/4

Problem 449: Result unnecessarily involves imaginary or complex numbers.

dx

J\/a+bx3 (c+dx+ex?+fx3+gxt)

X

Optimal (type 4, 620 leaves, 11 steps):
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2af+a+bx? 6agxa+bx3 6aea+bx3
+ + +
9b 55b 7 p2/3 ((1“/3 ) a1/3+b1/3x)

2+vVa+bx® (1155cx+693dx? +495 e x> + 385 f x* + 315 g x°)

3465 x
N 3
E\/?cAr‘cTanh{awibx] -3 3Y44/2-4/3 a*?e (a¥?+b'3x)
3 a
2/3 _ 21/3 11/3 2/3 2 1-4/3 ) a3 4+pl/3x
2 L S EllipticE[ArcSin[( ) |, -7-4+3] /
([(104/3) a2 bex)? (1243 ) a2 bt

1/3 (41/3 , wi/3
a at’? + bt x
7 b?/3 ( ) Ja+bx3 | +

((1+\/?) a1/3+b1/3x)2

2 .3%424+/3 a(77bd-55 (1-/3 ] a2 b2 e-14ag] (a¥/? bV x)

a2/3 _ al/3 pl/3 x4 h2/3 x2 (1 -+/3 ) al/3 + bl/3 x
EllipticF [Ar‘cSin[

74
((1+\E) a1/3+b1/3x)2 (1+\/?) a1/3+b1/3x] 7o 3}/

a1/3 <a1/3+b1/3 X>
385 b*/3 ; \Ja+bx®

((1+\/?) a1/3+b1/3x)

Result (type 4, 714 leaves):
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1

be/a+bx3 (1155bc+7a (55f+27gx) +bx (693d+5x (99e+7x (11f+9gx)))) -
3465

1

1/3, ,_1y2/3 p1/3
1155 b%/3 [ ELeELTEDIx (fah 3
(1+(-1)23) 222

13, (_1)2/3p1/3 / 3
2+/a 385b4/3c\la ) X rJa+bx3 Ar‘cTanh[aJr—bX}Jr

(1+ (_1)1/3> al/3 Ne
1/3 1/3
693+a bd ((*1)1/3a1/37b1/3x> al’3 4+ bl/3 x (-1) (a1/37 (-1) b1/3x)
(1+ (—1)1/3) al/3 (1+ (_1)1/3) 4173
1/3 ~1 2/3 b1/3
entipticr [arcsin] | &L PN ey
(1+ (71)1/3) al/3
1/3 1/3
126 a%'%2 g ((,1>1/3 al/3 _pl/3 X) al’3 4+ b1/3 x (*1) (a1/37 <,1> pl/3 x)
(1+ (—1)1/3) 31/3 (1+ (_1>1/3) al/3
1/3 ~1 2/3 b1/3
etipticr [arcsin] | &L 0N g ey
(1+ (_1)1/3) al/3

(71)1/3 (a1/3 B <71>1/3 pl/3 x)

(1+(-1)*?) a2

\/(_1)1/6_ib1/3x 13
1/3 -1 /
_ (_1+ (-1)2/3> EllipticE [ArcSin| : B 1) -
314 -1+ (1)

495+/2 a%/6p?/3e ( (—1) 1/3 41/3 _ p1/3 x)

b/
J<1>1/6 n:i/zx (_1)1/3

EllipticF[Ar‘cSin[ 314 ]’ 1 < 1)1/3}
— + —

Problem 450: Result unnecessarily involves imaginary or complex numbers.

dx

J\/a+bx3 (c+dx+ex2+fx3+gx4)

x2
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Optimal (type 4, 638 leaves, 11 steps):
2agva+bx>* 3cVa+bx3 3(7bc+2af)Va+bx?
- + +
9b X 7 p2/3 ((1+4/3 ) al/3+b1/3x)

2vVa+bx® (315cx+185dx? +63ex> +45fx* +35gx°)

315 x2
~/ 3
E\/?dAr‘cTanh[awibx]— 3. 344/2_+/3 al/3 (7bc+2af) (a2 +b'3x)
3 a
2/3 _ 41/3 p1/3 2/3 2 1-+/3 ] a3 +b3x
a b e bx EllipticE[ArcSin[( ) ],-7-4%?}/
(1043 ) a1 oex)? (1043 ) o bt

1 b2/3 a1/3 (al/S + b1/3 X) W X

((1+\E) a1/3+b1/3x)2

33/44/2++/3 al’3 (14a2/3b1/3e—5(1—\/?) <7bc+2af)) (a'?+ b3 x)

EllipticF [Ar‘csin [

a2/3 _ 31/3 pl/3 y 4 p2/3 x2 (1—\/?) al/3 1 bl/3 x s
-7-4+3
\I ((1+\E)a1/3+b1/3x)2 (1+x/?)a1/3+b1/3x]’ } /

1/3 (3173, pl/3
35 p?/3 Gl G X) 2x/aerx3

((1+\/?) a1/3+b1/3x)

Result (type 4, 810leaves):
1

1/3, /_1\2/3 p1/3
315 b x | ELHENIELEX o i3
(1122 222

al/’3 4 ( 1)2/3 bl/3 x
(a+bx’) (-315bc+76agx+2bx (185d+x (63e+5x (9f+7gx])))) -
(14 (-2)22) a1

1/3 1 2/3 pl/3 [ hu3
210+/a bdx G ) X Ja+bx3 Ar‘cTanh{be]—
(1+ (—1)1/3) al/3 \a
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1/3 1/3
378ab2/3ex((—1)1/3a1/3—b1/3x) allrbTx
(1+ (1)) a1

(_1> 1/3 (al/S _ (_1> 1/3 p1/3 x)

(14 (-1)22) a1

al/3 4 <71> 2/3 bl/3 x

(14 (-2)22) a1

[ (=1)*2]

EllipticF [Ar‘cSin [\l

(71)1/3 (31/3 3 (71>1/3 pl/3 x)

(14 (-1)*3) 223

\/<_1>1/6_i:?//§x (_1)1/3

- (_1+ (_1)2/3) EllipticE [ArcSin| e P = <71>1/3} -

9452 a2 b¥ 2 cx [ (-1)Vat - bt x|

EllipticF[Ar‘cSin[ ],

(_1) 1/3 (a1/3 _ (_1> 1/3 p1/3 x)

1+ (-1)*3) a2

\/<1>1/6i:://:x (71)1/3

31/4 14+ <_1>1/3

270/2 a*3bl/3 £x ((—1)1/3 al/3 _pl/3 x)

- [-1+(-1)*?] EllipticE [ArcSin]

\/(_1>1/6_j:;§x (_1)1/3

EllipticF [ArcSin| S B 1. <71>1/3}

Problem 451: Result unnecessarily involves imaginary or complex numbers.

dx

J\/a+bx3 (c+dx+ex?+fx®+gxt)

x3

Optimal (type 4, 640 leaves, 10 steps):
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3cVa+bx®* 3dVa+bx? 3(7bd+2ag) Va+bx?
- +

2 x2 X 7 p2/3 ((1+\E) al/3 , pl/3 X)

2va+bx? (185cx-105dx?-35ex> -21fx*-15gx°)
105 x3

2 Vva+bx3
— \/? eAr‘cTanh[;

3 Ve

]— 3 .3V44/2_+/3 a3 (7bd+2ag) (a1/3+b1/3x)

EllipticE [ArcSin

a2/3 _ 3q1l/3 pl/3 y 4 p2/3 x2 (1—\/?) a3 +bl/3 x 5
~7-4+/3
\I((1+\E)al/3+b1/3x)2 [(1+\/?)a1/3+b1/3x]J } /

31/3 (a1/3 +bl/3 X)
2/3 / 3
14 b ((1+\/?) a1/3+b1/3x)2 a+bx +

33/44/244/3 (7b1/3 (5bc+4af)_1e(1-\/?)a1/3 (7bd+2ag))(a1/3+b1/3x)

EllipticF [ArcSin|

2/3 _ 41/3 p1/3 2/3 2 1-+/3 ] a3 +b3x
a a'’?b*? x+ b7 x ) + ]) —7—4%?} /
(1043 ) a0 x)? [104/3) o b

a1/3 (a1/3 4 b1/3 X)
70 b?/3 rJa+rbx3

([1+73) a7 bt x)?

Result (type 4, 962 leaves):
1

/3 2/3 1/3

1/ - "/

ae(CLITbix (R x3
(1+<71>1/3) al/3

210 b?/3 x?

al/3 4 (_1>2/3 bl/3 x
b2/3 (a+bx?) (-185c+2x (-185d+70ex+42fx*+30gx>)) -
(1+ (-1)1/3) al/3

1/3 1 2/3 pl/3 Vi 3
140\/;b2/3ex2\la +< > x \Ja+bx3 Ar‘cTanh[be]—

(14 (-1)22) a1 Va

315 b*/3 ¢ x2 ((_1>1/3 al/3 _pl/3 x) al/3 1 pl/3x
(1+ (71)1/3) al/3
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(71> 1/3 (a1/3 B <71>1/3 pl/3 x)

(1+(-1)*?) a2

al/3 | (_1>2/3 bl/3 x

(14 (-1)*3) a23

[s (-2)*7] -

EllipticF[ArcSin [\I

_q4\1/3 1/3 _ 71>1/3 p1/3 X)
1/3 £2 1/3 J1/3 _ p1/3 a2+ b3 x (-1) (a (
252ab*° fx (<_1) a’’-b X) \I (1+ (_1)1/3) al/3 (1+ (_1)1/3) al/3

al/3 4 (_1> 2/3 bl/3 x

()

EllipticF[Ar‘cSin[
(14 (-2)22) a1

(71)1/3 (a1/3 _ <71>1/3 pl/3 x)

6302 a’?bdx? ((—1)1/3a1/3—b1/3x> ( 1/3)
1+ (-1) al/3

1/6  ibY/3x
(-1)*° - 13
1/3 1 /
- [-1+(~1)*?) EllipticE[Arcsin| - (-1) ] -
31/4 14+ (_1)1/3

\/(_1>1/6_j:i///zx (_1)1/3

3

31/4 71+<71>1/3}

EllipticF [ArcSin|

(_1>1/3 (al/s _ (_1> 1/3 p1/3 x)

180+/2 a*3gx? ((—1)1/3a1/3—b1/3x> s
(14 (-2)22) a1

(71)1/67 i:i;zx <_1>1/3

31/4 14+ (_1)1/3

- [-1+(-1)*?) EllipticE[Arcsin|

i bt/
\/(—1)1/6—% ] (~1)*2

EllipticF|[ArcSin| s ]
31/4 -1+ (-1)*?

Problem 452: Result unnecessarily involves imaginary or complex numbers.
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dx

J*\/a+bx3 (c+dx+ex2+fx3+gx4)

x4

Optimal (type 4, 637 leaves, 11 steps):
cva+bx3? 3dva+bx? 3ea+bx3 3b¥3e~a+bx?
N _

+ —

3x3 2 x? X (1+\/?) al/3 . pl/3

a

15 x4 3+/a

2/3 _ 41/3 p1/3 2/3 y2
3 3V4./p_ /3 al/3pl/3e (a1/3 +bpl/3 x) a arr b x s bTX EllipticE [
((1+\/?) a1/3+b1/3x)2

+ 3
2vVa+bx® (5cx+15dx*-15ex>-5fx*-3gx°) (bc+2a'F)Ar‘cTanh{ avix ]

1-+/3 ) al/3 4 pl/3

(1+\/?) al’3 + b3 x

a1/3 (a1/3+b1/3x>
], -7-4+/3] / 2 o Jarbx® |+
((1+\/?)a +b X)

ArcSin|

33/44/244/3 (de—la (Lﬁ) a1/3b2/3e+4ag) (a3 + b3 x)

a2/3 _ q1/3 pl/3 y 4 p2/3 y2 1-+/3 ) al’3 + bl/3 x
EllipticF [ArcSin|

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-4v3]|/

a1/3 (a1/3 + b1/3 X)
10 b/3 rJa+bx3

([1473) a2 b2 x)?

Result (type 4, 769 leaves):
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2f 10c+3x (5d+10ex—4gx3)

\Ja+bx3

3 30 x3
b c ArcTanh [ @]
2 A/ b x3
Va ——\/?FAr‘cTanh[u]—
3+v/a 3 \a

[3 b2/3 g ((_1>1/3 g1/3 _pl/3 x) \I al’3 + bl/3 x \I <71>1/3 al/3 _ <71>2/3 b1/3

1. (71)1/3) al/3 (1+ (71>1/3) al/3

al/3 4 (71>2/3 bl/3 x ], (_1>1/3] /

EllipticF[Ar‘cSin[
(14 (-2)22) a1

1/3 _1)2/3 p1/3 1/3 1/3
z\la b . x/a+bx3J 6ag((1)1/3a1/3b1/3x)\l( G AR

(1+ (-1)7) at2 1+ (71)1/3) al/3

al/3 4 (71>2/3 bl/3 x ]J (71)1/3} /

(14 (-2)22) a1

\I (71>1/3 a1/3 _ (71)2/3 b1/3X

EllipticF[Ar‘cSin[
(14 (-2)272) a1

SbmJ U s

(1+(-2)?) a1

(71>1/3 a1/3 _ <71>2/3 b1/3X

(14 (-2)22) a1

34/2 al’3p3e ( (71> 1/3 51/3 _ y1/3 x) \l

b/
<71>1/67 n::/jx (71)1/3

s

31/4 1+ <_1>1/3

(71+ (71)2/3) E1lipticE[ArcSin| | + EllipticF|

\/(_1>1/6_ E:ZX (_1)1/3 al/3 | (_1>2/3 pl/3 x
ArcSin| ] 1/3} / rJa+bx3

31/4 1+ (-1) (14 (-1)*?) a2

Problem 453: Result unnecessarily involves imaginary or complex numbers.

dx

J\/a+bx3 (c+dx+ex?+fx3+gxt)

x>

Optimal (type 4, 694 leaves, 12 steps):
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3cvVa+bx® dva+bx® 3eva+bx? 3(bc+8af)Va+bx’
+

+ - +
20 x* 3x3 2 x? 8ax

3bY3 (bc+8af) Va+bx® 2Va+bx® (3cx+5dx?+15ex?-15Ffx*-5gx°)

8a((1+\/?)a1/3+b1/3x) 15 x>

(bd+2ag) Ar‘cTanh[@]
= Ja © |3 31440 +/3 /3 (bc+8af) (a2 +b'x)
3+vVa

EllipticE [Ar‘cSin [

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x
a al’? b'/3 x +b%/3x ) + ],—774\/?} /
((1+\/?) a1/3’+b1/3x)2 (1+\/?) al/3 + bl/3 x

1/3 1/3 1/3
a at’? + b3 x
16 a%/3 ( ) Ja+bx3 | +

((1+\/?) a1/3+b1/3x)2

33/4./24++/3 bl3 (4a2/3b1/3e— (1—\/?) (bc+8af)) (a1/3+b1/3x)

EllipticF [ArcSin|

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 b3 x
a at’? b2 x+b*°x ) ],_7_4\/?} /
((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4+ bl/3 x

s al’3 (al/3 4 b1/3 x) )
82 ((1+\/?)a1/3+b1/3x)2 2rbx

Result (type 4, 855 leaves):
Va+bx® (-6ac-9bcx’-4ax (2d+x (3e+6Ffx-4gx?)))

24 ax*

13, (_1)2/3 p1/3 / 3
1 Sﬁbd\la +{-1) Xxla+bx3 Ar‘cTanh[aJr—bX}Jr

p 1/3) 51/3
1/3 (-1)2/3 p1/3 (1 + (-1 ) a \/?
e a(1:(—1)1/3) a1/3X a+bx? -4

13, (_1)2/3 p1/3 / 3
16a3/2gJa - (1) X \Ja+bx3 Ar‘cTanh[aJr;bX]Jr

(1+(-2)?) a2 Va

al/3 4 pl/3 x (—1)1/3 (a1/3— (—1)1/3 bl/3 x)

1+ <71>1/3) 31/3 (1+ <71>1/3) al/3

36ab?3e ((—1)1/3 al/3 _pl/3 x) \I (
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al/3 4 (71> 2/3 bl/3 x

(14 (-2)22) a1

] (1)) -

EllipticF [Ar‘cSin [\I

(71> 1/3 (a1/3 B (71) 1/3 p1/3 x)

(1+(-2)*2) a1

\/<_1>1/6_j::/:x (71)1/3

31/4 14 (_1>1/3

9+/2 al’3b*3 ¢ ( (_1> 1/3 J1/3 _ p1/3 x)

- (—1+ (—1)2/3) EllipticE [ArcSin|

i b/
J(l)lm% <_1>1/3

31/4 s 1. (71)1/3

EllipticF [ArcSin|

(_1>1/3 (a1/3 _ <_1>1/3 pl/3 x)

(1+(-1)*?) a2

72/2 a*3 b3 £ ( (_1> 1/3 41/3 _ p1/3 x)

1/
(—1)1/6— n:i/zx (71)1/3

31/4 s _1+<_1>1/3

- [-1+(-1)*?) EllipticE[Arcsin|

\/(_1)1/6_i:i£x <_1>1/3

EllipticF [ArcSin| S s 14 (c1)V? ]

Problem 454: Result unnecessarily involves imaginary or complex numbers.

dx
6

J\/a+bx3 (c+dx+ex?+fx3+gxt)

X

Optimal (type 4, 652 leaves, 10 steps):
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1 12c+15d+20e+30f+60g W*
60 \ x° x4 x3 X2 X
3bcva+bx® 3bdVa+bx®? 3bY3(bd+8ag)Va+bx’
_ + _
20ax? 8ax 8a((1+\/?>a1/3+b1/3x)
beAr‘cTanh[@]
Va -3 3V44/2-+/3 b3 (bd+8ag) (a'?+b'3x)
3+/a
2/3 _ 21/3 141/3 2/3 2 1-+/3 ) a3 4+pl/3x
2 aTb X b EllipticE[ArcSin| ) ],—7—4ﬁ}/
(13 ) a2 b2 x)? 1473 ] a2 b

1/3 1/3 1/3

a a‘’? +b*°x

16 a2/3 ( ) ,a+bX3 B
2

((1+\E) a1/3+b1/3x)

33/4./2.+/3 bl/3 (2}31/3 (bc-1eaf)+5(1—\/?) al/3 (bd+8ag)) (a3 + b3 x)

EllipticF [Ar‘cSin [

((1+\E) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

a2/3 _ al/3 pl/3 y 4 h2/3 x2 1-+/3 ) a3 b3
\I : ) ],7774\/?}/

1/3 1/3 b1/3
40 a 2 (a . X> 2\/a+bx3

((1+\/?) a1/3+b1/3x)

Result (type 4, 934 leaves):

1

712@axsw/a+bx3 (2ac+9bx* (2c+5dx) +10ax (3d+4ex+6x> (f+2gx))) -

1

1/3,.(_1y2/3 p1/3 \/7
120 | TLLTbx (o g3
(1+<71)1/3) al/3

al’3+ (-1)*7p/3x Va+bx?
bl/3 40\/?b2/3e\l (-1) \Ja+bx® Ar‘cTanh[iaJr X ] -

(1+(-2)?) a2 Va

al/3 4 pl/3 x (-1)* (a1/3— (-1)*? b1 x)

+(-1)12) a1 (14 (-2)22) a1

18 b%3 ¢ ( (71>1/3 al/3 _pl/3 x) \I (
1
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1/3 _1)2/3 p1/3
EllipticF [ArcSin| 7 > 1, (-2)"°] +
(1+ (71)1/3) al/3
_q\1/3 (4173 _ 71)1/3 bl/3 x
1/3 _4\1/3 J1/3  1/3 al’? + b1 x ( 1) (a ( )
180 ab'/3 f (( 1)*7a b x) \l (1+ <_1>1/3) al/3 (1+ <_1>1/3) al/3
1/3 _1)2/3 p1/3
EllipticF [ArcSin| il eE > 1, (-1)"°] -
(1+ (71)1/3) al/3

(71) 1/3 (a1/3 _ <71>1/3 pl/3 x)

(1 N (-1)1/3) al/3

\/(_1)1/6_123? (71>1/3

- (_1+ (_1>z/3> EllipticE[ArcSin| e |s e (_1)1/3] _

452 a'?bd ((-1)"2al? - b2 x|

\/<1>1/6j:i;zx (_1)1/3

EllipticF[ArcSin| e I 1 <1>1/3} B
Sl (-

(_1> 1/3 (a1/3 _ (_1) 1/3 p1/3 x)

(1+(-2)*?2) a1

b1/
\/(1)1/6 ]L:i/zx (71>1/3

- (71+ (71>2/3> EllipticE[Ar‘CSin[ s/ 5 . (_1)1/3] _

360+/2 a*'3g ((—1)1/3 a1/3—b1/3x)

<_1> 1/6 _ ibY3x
al/3 (—1) 1/3
EllipticF [ArcSin| B ]
31/4 1. <71>1/3

Problem 455: Result unnecessarily involves imaginary or complex numbers.

dx

J\/a+bx3 (c+dx+ex2+1‘x3+gx4)

x7
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Optimal (type 4, 659 leaves, 11 steps):

\/T bcva+bx3
a+bx* - —m

1 (16c 12d 15e 20f 30g
+

-— + + +
60 \ x6 x> x4 x3 x2 12 a x3
3bdva+bx?® 3be+va+bx3 3b*3e+a+bx3
- + +
20ax2 8ax Sa((1+ﬂ/3)a1/3+b1/3x)

b(bc-4af) Ar‘cTanh[@]

Va

3 31/4Al2_\/? b4/3e <a1/3+b1/3x)

12 a3/2

2/3 _ 41/3 p1/3 2/3 2 1-+/3 ) a3 +b¥3x
2 a b xbTx EllipticE [ArcSin| ) |, -7-4+3] /
((1+\E) al/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

1/3 (41/3 | p1/3
a a'’? + b3 x
16 a%/3 ( ) " Ja+rbx® | -

((1+\/?) a1/3+b1/3x)

33/44/24/3 bp2/3 (2bd+5<17ﬁ) a1/3b2/3e—20ag) (a¥/? + b13x)

a2/3 _ al/3 pl/3 y 4 h2/3 y2 o . 1-+/3 ) al’3 + bl/3 x
EllipticF [Ar‘cSm[

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 ., pl/3 x

|, -7-4v3]|/

1/3 1/3 b1/3
40 a Gl Gl d \Ja+bx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 800 leaves):
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1

—lzgax6x1a+bx3 (bx* (10c+9x (2d+5ex)) +a (20c+2x (12d+5x (3e+4fx+6gx?)))) +

20bcAr‘cTanh[@]

1 NS 80 Varbx3

b 2 - —+/a fAr‘cTanh[u] +
80a Wre 3 Nre

12 b2/3 d ((—1)1/3a1/3—b1/3x) al/3 + bl/3 x (_1)1/3 al/3 _ (_1)2/3 bl/3 x
(1+ (_1>1/3) 31/3 (1+ (_1)1/3) al/3

1/3 _1)2/3 p1/3
EllipticF[ArcSin[J 2 +( ) X ], (1)1/3]]/

(1+(-2)?) a2

a1/3 + b1/3 X

1+ (-1)Y?) a3

[J al/3 4 (71>2/3 bl/3 x \/7
a+bx3

(1+(-2)*?) a2

- {120ag ((—1)1/3 al/3 _pl/3 x) \l (

(14 (-1)*3) a23 (1+(-1)?) a2

_1)\V3 13 (_1)?%/3 pl/3 1/3 _1)2/3 pl/3
\I (1) s (-1) X EllipticF[Ar‘cSin[\l P+ (-1) X ]» (1)1/3}]/

(1+(-2)2) a2

(_1) 1/3 al/3 _ (_1) 2/3 b1/3 x

(1+(-2)*2) a1

30+/2 al’3bl3e ( (_1> 1/3 41/3 _ p1/3 x) \I

(_1>1/6_jb1/3x s
1/3 -1 /
(-1+ (—1)2/3) E1lipticE[ArcSin| : ], (-1) ] + EllipticF|
31/4 1+ (71>1/3

\/ (71>1/67 ibY/3x 1s .
1/3 1\V 1/3 1 pl/3
ArcSin| ’ ] (-1) ] /[\Ia + (1) X \Ja+bx?

31/4 -1+ (—1)1/3 (1+ (,1)1/3) al/3
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Problem 456: Result unnecessarily involves imaginary or complex numbers.

dx
8

J\/a+bx3 (c+dx+ex2+fx3+gx4)

X

Optimal (type 4, 711 leaves, 12 steps):

1 60c 70d 84e 105f 1l40g 3
-— + + + + +bx® -
420 \ x7 x® x> x4 x3
3bcvVa+bx* bdva+bx* 3beva+bx? 3b(S5bc-14af)Va+bx’
_ _ + _
56 a x* 12 ax3 20 a x? 112 a% x

3b%3 (sbc-14af) Vasbx 0 (bd-4ag)ArcTanh] a}b:X ]

a
112 a2 ((1 + \E) al/3 | pl/3 x) " 12 33/2

+

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\E) al/3 4+ bl/3 x 2

339442 \/3 b¥3 (5bc-14af) (a¥/3 b

1-V3 ) all b3 x

(1+\/?) al’3 + b3 x

EllipticE [ArcSin|

), -7-4v3]|/

al/3 (al/3 4 pl/3
224 3°/3 ( > ; \Ja+bx?

((1+\/?) a1/3+b1/3x)

33/4/2 /3 p*/3 (28a2/3b1/3e—5(1-ﬁ) <5bc—14a-F)) (a3 + b1/ x)

a2/3 _ al/3 pl/3 y 4 h2/3 x2 (1 -+/3 ) al/3 4+ bl/3 x
EllipticF [Ar‘cSin[

((1+\/?) ‘.:,1/3+bl/3x)2 (1+\/?) al/3 4 pl/3 x

), -7-4v3]|/

a1/3 (a1/3+b1/3x>
5/3 / 3
560 a " a+bx

((1+\/?) a1/3+b1/3x)

Result (type 4, 892 leaves):

\Ja+bx? (225b2cx6—2abx3 (45c+7x(10d+9x (2e+5fx))) -

1680 a2 x’
1

4a? (60c+7x (18d+x (12e+5x (3f+agx)))))+

168@32 M “/a+bx3
(1+(-1)23) a¥/3

| 117
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13, (_1)2/3 p1/3 /e
b|140+/a bd G X Ja+bx? Ar‘cTanh[be]—
(1+ (—1)1/3) al/3 +/a

1/3 _1)2/3 p1/3 N 3
560a%'%g a7+ (1) X \Ja+bx® Ar‘cTanh[LbX] +
(1+(-2)?) a2 Va

_aN\1/3 [J1/3 [ _q\1/3 h1/3
252 ab?/3 e (<1>1/3a1/3b1/3x)\l ( al/’3 4 b1/3 x ( 1) (a ( 1) b X)

14 (_1>1/3) 31/3 (1+ <_1>1/3) al/3

3l/3 4 (_1> 2/3 p1/3 ¢

(1+(-2)?) a2

AENSE

EllipticF [Ar‘cSin [J

(_1>1/3 (a1/3 _ <_1>1/3 pl/3 x)

(1+(-1)*3) a2

\/(1)1/6 Lo 1/3
1/3 -1
_ (,1+ <71>2/3) EllipticE [ArcSin] : s =Y) | -
31/4 ~1+ (-1)%3

225+/2 al/3b*3 ¢ ( (_1> 1/3 41/3 _ p1/3 X)

J<_1>1/s_jb1/3x s
1/3 -1 /
EllipticF [ArcSin| : ]s (-1) 1|+
31/4 1. <71>1/3

(71>1/3 (a1/3 _ <71>1/3 pl/3 x)

(1+(-1)*?) a2

[l e .
1/3 -1 /
_ (_1+ (_1)2/3) E1lipticE[ArcSin| : B -1) |-
34 1 (1)

6302 a*3bl/3f ( (71> 1/3 41/3 _ p1/3 X)

i pl/3
\/<1>1/6 121/3x ] (71)1/3
>

31/4 1+ <_1>1/3

EllipticF [Ar‘cSin [

}
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Problem 457: Result unnecessarily involves imaginary or complex numbers.

dx
9

J\/a+bx3 (c+dx+ex2+fx3+gx4)

X

Optimal (type 4, 743 leaves, 13 steps):
1 (1e5c 120d 140e 168f 210g
-— + + + +
840 x8 x’ X x° X
3bcvVa+bx*> 3bdVa+bx) beva+bx? 3b(7bc-16af)Va+bx’
- - +
80 a x’ 56 a x* 12ax? 320 a2 x?

3b(5bd-14ag) Va+bx® 3b*3(5bd-14ag)Va+bx?

112a%x 112322 ((1++/37) a2+ b2 x|

b% e ArcTanh | @]
Ve |3 3¥44/2-+/3 b% (sbd-14ag) (a¥?+bY3x)

+bx3 -

6 4

+

12 a3/2

a2/3 _ g1l/3 pl/3 x 4 p2/3 x2

(1 B \/?) al/3 4 pl/3 x
EllipticE [ArcSin|

((1+\E) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3

|, -7-43]/

al/3 (al/3 4 pl/3
224 3°/3 ( > Ja+rbx® |+

((1+\/?) a1/3+b1/3x)2

33/4./2,+/3 b*3 (7b1/3 (7bc-16af) +20 (1—%?) al/3 (5bd—14ag)) (a3 + b1/ x)

a2/3 _ a1/3 b1/3 X + b2/3 XZ

(1 _ \/?) al/3 4 pl/3 x
EllipticF [Ar‘cSin[

((1+\E) a1/3+b1/3x)2 (1+\/?) a1/3+b1/3x]’7774\/?} /

1/3 1/3 b1/3
2240 a? Gl G X) 2\/a+bX3

((1+\/?) al/3 | pl/3 X)

Result (type 4, 979 leaves):

ﬁ«/a+bx3 (9b*x® (49c+100dx) -4abx® (63c+2x (45d+7x (1@e+9x (2f+5gx])))) -
6720 a“ x

1

8a® (185¢c+2x (60d+7x (10e+3x (4f+5gx))))) +

6720 a2 Mm “Ja+bx3
(1+-1)23) a2
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13, (_1)2/3 p1/3 o3
b*/3 |560+/a b?3e G X Ja+bx3 Ar‘cTanh[LbX] -
(1+ (—1)1/3) al/3 NE

441b4/3c ((_1>1/3a1/3_b1/3x) al/3+b1/3x (71)1/3 (31/3* (*1>1/3b1/3x)
(1+ <_1>1/3) 3173 (1+ (_1>1/3) al/3
1/3 -1 2/3 b1/3
EllipticF[ArcSin[ a +( ) X ’ (_1>1/3] .
(1+ (71)1/3) al/3
1/3 1/3
1008 a b'/’ f ((_1)1/3 am_me) al’3 + b3 x (-1) (a1/3 - (-1) b1/3x)
(1+ (_1)1/3) al/3 (1+ (_1)1/3) 3173
1/3 -1 2/3 b1/3
EllipticF[ArcSin[ a +( ) X _, (_1>1/3] i
(1+ (71)1/3) al/3

(71> 1/3 (a1/3 B (71> 1/3 pl/3 X)

(1+(-2)2) a2

\/(_1)1/6_ib1/3x 13
/3 -1)Y
_ (_1+ (—1)2/3> EllipticE[ArcSin| : B -1) -
34 -1+ (-1)?

9002 a'’3bd ((-1)1/3 al/3 _pl/3 x)

J<1>1/6ﬁbl/3x s
1/3 -1
EllipticF [Arcsin[ . ], ( ) }
31/4 -1+ (-1)%3

(_1>1/3 (a1/3 B <_1>1/3 pl/3 x)

(1+(-1)*3) a1

2520+/2 a*3g ( (_1> 1/3 J1/3 _ p1/3 X)

- [-1+(-1)*?) EllipticE[Arcsin| , -
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J<1>1/sj:i;jx (_1)1/3

31/4 s 71+<71>1/3}

EllipticF [ArcSin|

Problem 458: Result unnecessarily involves imaginary or complex numbers.

Jx3 (a+bx3)3/2 (c+dx+ex?+fx?+gx*) dx

Optimal (type 4, 791 leaves, 14 steps):
4a3ea+rbx® 542’ (23bc-8af)xVa+bx’
+

+

105 b2 21505 b2
s4a’ ([sbd-2ag)x*Va+bx’ 2a’ex’Vasbx s4atfxiarbx’
8645 b? 105 b 4301b
s4a2gx®/a+bx}?  216a° (5bd-2ag)Va+bx? 1
6175 b ) 8645 b8/3 ((1+\/?) al/3 ; pl/3 x) : 3900225
2x* (a+bx?)*'? (229425 c x + 205275 d x* + 185725 e x> + 169575 f x* + 156009 g x° ) + _r
185910725

2ax’\/a+bx® (8947575cx+6774075dx” + 5311735 e x> + 4279275 f x* + 3522519 g x°) +

108 3V4~/2-+/3 a3 (5bd-2ag) (a¥/?+b¥3x)

a2/3 _ 31/3 pl/3 y 4 p2/3 y2 (1 -4/3 ) al’3 + bl/3 x
EllipticE [ArcSin|

((1+ﬁ) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

), -7-43]/

a1/3 a1/3 4 b1/3 X
8645 b?/3 ( ) \Ja+bx3

([1473) a2 bt x)?

36 3¥44/2+4/3 a3 (1729b1/3 (23bc-8af) - 8602 (1-%?) al/3 (5bd-2ag)) (a3 + b3 x)

a2/3 _ 31/3 pl/3 y 4 p2/3 y2 (1 -3 ) al/3 4+ bl/3 x
EllipticF [ArcSin|

((1+\E) a1/3+b1/3x)2 (1+ﬁ) al/3 4 pl/3

|, -7-43]/

a1/3 <a1/3+b1/3 X>
7182145 b®/3 \Ja+bx?
3 5 5 a+bx

((1+\/?) a1/3+b1/3x)
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Result (type 4, 466 leaves):
1

557732175 (-b)®?~/a+bx?

2 (-b)?? (a+bx?) (-10a° (1062347 e + 81x (6916 f +4301gx) ) +a’bx

(16105635 c + x (8709525d + 5311735 e x + 3501225 f x> + 2438667 g X)) +
143b° x’ (229425¢ +17x (12075d + 19 x (575e + 525 Fx + 483 gx?) ) ) +
2ab”x* (29825250 c + 11 x (2258025d + 13 x (148580 e + 21 x (6175 f + 5474 gx) )} ) +

(71)5/6 (—a1/3 + (7b)1/3 x)

al/3

13935240 (-1)*?3Y4 33 (5bd-2ag) J

\/_ (_1)5/6 _i(b)¥3x

al/3

Js (-2)*] -

540 1 3%/ a1 (39767 (-b)**bc+ 4301027 bd - 13832a (-b) > f-17204a% g

J [-2)%* a2+ [-b)*x) J ()% (-5

(—b)lBX (7b)2/3X2
1+ + EllipticE[ArcSin|
a1/3 a2/3 31/4

al’3 al/3 32/3

\/_ (_1)5/6 _i(b)¥3x

al/3

EllipticF [ArcSin| ], (-1)*?]

31/4

Problem 459: Result unnecessarily involves imaginary or complex numbers.

sz (a+bx3)3/2 (c+dx+ex?+fx?+gx?) dx

Optimal (type 4, 742 leaves, 12 steps):
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22?2 (7bc-2af) Va+bx> 54a’(23bd-8ag)xVa+bx® 54aZex?/a+bx3

+ + +

105 b? 21505 b2 1729 b
2a2fx3+va+bx? 54a’gx*a+bx® 216 a3e+/a+bx3 1
+

- +
105 b 4301 b 1729 b5/3 ( (1 . ﬁ) al/3 . pl/3 X) 780045

1

2 x? (a+bx3)3/2 (52003 c x + 45885 d x* + 41055 e x> + 37145 f x* +33915gX°) + ——————
111546435

2ax*\/a+bx> (7436429 cx+5368545dx” + 4064445 e x> + 3187041 f x* + 2567565 g x> +

2/3 _ 51/3 K1/3 2/3 2
108 314+/2-+/3 al®3e (a1/3+b1/3x) a amb P x+ b7 x
((1+\/?) a1/3+b1/3x)2

(1_\/?) al/3 4 bl/3 x

1073 ] 2 b

EllipticE [Ar‘cSin [

|, -7-43]/

1/3 1/3 b1/3
1729 b>/3 2 (a . X) ; NJarbx® |+
((1+\/?) a1/3+b1/3x)

36 37%+/2++/3 a’ (43010 (1-/3 | a¥?b¥?e-1729 (23bd-8ag)) (a¥?+b 7 x)

a2/3 _ 3q1l/3 pl/3 y 4 p2/3 x2 1-+/3 ) al’3 + bl/3 x
EllipticF [ArcSin|

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-av3]]/

1/3 1/3 b1/3
37182145b7/3 2 <a ’ X> ; \Ja+bx?
((1+\/?) a1/3+b1/3x)

Result (type 4, 436 leaves):

| 123
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1

111546435 (-b)**/a+bx3

2 (-b)?? (a+bx?) (-494 2% (4301 f + 2268 g x) +

143b° x® (52003 c + 5x (9177d + 17 x (483 e + 437 fx+399gx?))) +
a’b (7436429 c+x (3221127d+x (1741905 + 1062347 f x + 7002458 X7) ) ) +
2ab®x’ (7436429 c+x (5965050 d + 11 x (451605 e + 247 x (1564 f + 1365gx) ) ))) +

)13 _p)1/3 _b)2/3 52
13935240 (—1)2/331/4a11/3be\/(—1)5/6 (_1+<>X Ju (-b) i (-6) "7 x
al/3 al/3 32/3
J (71)5/6 i(=b)Y3x
1/3
EllipticE[Ar‘cSin[ S ’ ]’ (,1>1/3] -

108 i 3%/4 a1°/3 (39767 (-b)*’bd+43010a">be-13832a (-b)1/3g)

J (-1)7 (-2t (b)) J“ ()% (-6

a1/3 a1/3 aZ/3

21/3

\/_ (_1)5/6 _i(b)¥3x
o 1 (-]

EllipticF [ArcSin|

Problem 460: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bx3)3/2 (c+dx+ex?+fx®+gx?t) dx

Optimal (type 4, 723 leaves, 10 steps):
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2a? (7bd—2ag)\/a+bx3 54a2exVa+bx’ 54a2fx2Va+bx3
+

+

+

105 b2 935b 1729 b
2a2gx3Va+bx3 54a% (19bc-4af) Va+bx? 1
+ +
105 b 1729 b5/3 ((1+\/?) al/3 , pl/3 x) 440 895
1
2x (a+bx3)3/2 (33915 cx+29393d x* + 25935 e x> + 23205 f x* + 20995 g x> ) + —————
4849 845
2axy/a+bx® (479655cx+323323dx?+233415e x> + 176715 f x* + 138567 g X°) -
27 3V44\/2-+/3 a’3 (19bc-4af) (a¥?+b'3x)
a2/3 _ a1/3 p1/3 x | p2/3 x2 1- \/?) al/3 1 bl/3 x
EllipticE[ArcSin| |, -7-4+/3] /
((144/3) a3 b1 x)? (1473 ) at/3 +b1/3 x

a1/3 31/3+b1/3X
1729 b°>/3 ( ) ; rJa+bx3

((1+\E) al/3+b1/3x)

18 33/4+/24+/3 a3 (3458a2/3b1/3e+935 (1-%?) (19bc-4af)) (a¥/? + b3 x)

a2/3 _ al/3 pl/3 x4 h2/3 x2 1-+/3 ) al/3 4+ bl/3 x
EllipticF [Ar‘cSin[

((1+\E) al/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

), -7-4v3]|/

a1/3 a1/3 + b1/3 %
1616615 b°/3 ( ) rJa+rbx3

((1+\/?) al/3+b1/3X)2

Result (type 4, 429 leaves):

| 125
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1

4849845 (7b>8/3 Va+bx3

2 (-b)?? (a+bx®) (-92378a%g+a’b (323323d+x (140049 e + 187 x (405 f +247gx))) +

11b%x> (33915¢c+13x (2261d+5x (399e+357 fx+323gx?*))) +
2ab®x* (426360 c +x (323323d+x (259350 e + 215985 f x + 184756 g X*) ) ) | -

_1>5/6 (_al/g + (—b>1/3 x)

al/3

151470 (71)2/3 31/42%3p (19bc-4af) \/

. . . 1/3
s o EllipticE [ArcSin| e 1> (-1)*°] -

i (-b)1/3
\/1 (—b)1/3x (_b)2/3X2 \/_(_1)5/6_4?)/3_x
+ +

_1)5/6 (_a1/3 + (—b)1/3 x)

al/3

5413%4a%2b (-17765b ¢ + 3458 %% (-b) '’ e+ 37402 | J

B (71)5/6 i(=b)Y3x
(—b)1/3X (_ )2/3 x2 al/3 13
1+ PYPE EllipticF[ArcSin| e 1, (-1)*?]

Problem 461: Result unnecessarily involves imaginary or complex numbers.

J(a+bx3)3/2 (c+rdx+ex?+fx?+gx?) dx

Optimal (type 4, 694 leaves, 9 steps):
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2a2eva+bx® 54atfxva+bx® 54algx?va+bx® 54a’ (19bd-4ag) Va+bx?
+ + +

15b 935b 1729 b 1729 b5/3 ( (1 N \/?) al/3 , pl/3 x) ’

2 (a+bx?)>'? (62985 cx +53295d x* + 46189 e x> + 40755 f x* + 36465 g x°) +
692835

1

———2aJa+bx’ (793611 cx+479655d x> + 323323 e x>+ 233415 fx* +176715g x> -
4849845

27 3V4+[2-+/3 a7/3 (19bd-4ag) (a¥?+b'3x)

a2/3 _ 31/3 pl/3 y 4 p2/3 x2 o ' (1—\/3 ) al/3 1+ bl/3 x
EllipticE [ArcSin|

((1+\E) a1/3+b1/3x)2 (1+ﬁ) al/3 4 pl/3 x

|, -7-43]/

a1/3 a1/3 + b1/3 X
1729 b°>/3 ( ) Ja+bx3 |+

((1+\E) a1/3+b1/3x)2

18  3%/4 2+V§'¥(1n9b”3m7bc-zaf)-9%(1-V§ja”3ugbd-4a@)(£B+b”3ﬁ

a2/3 _ al/3 pl/3 x4 h2/3 x2 (1 -+/3 ) al/3 + bl/3 x
EllipticF [Ar‘cSin[

((1+\E) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-4v3]|/

al/3 (a1/3 + pl/3 X)
161 1 5/3 3
616615b X A/ a+bx

((1+\/?) a1/3+b1/3x)

Result (type 4, 429 leaves):
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- ! 2 (-b)?? (a+bx?) (a® (323323 e+81x (1729 +935gx)) +

4849845 (-b)**~/a+bx?

7b®x* (62985 c+11x (4845d+13x (323 e+285Ffx+255g%%))) +
2abx (617253 c+x (426360d+7x (46189 e+ 37050 f x +30855g%°)))) -

<71>5/6 (—a1/3+ (7b)1/3 X)
151470 (-1)*° 3483 (19bd-4ag)
a1/3

+ EllipticE [ArcSin|
a1/3 32/3 31/4

Jo (1)) +

54 1 33/4 37/3 (323b (91 (-b)*3c+55 a1/3d) 34582 (-b)1/3f-3740a4/3g)

J (-1)° -2+ -5 x) J“ [6)x ()22

.. (—b) X <—b) % al/3

al/s3 al/3 32/3

al/3

\/_ <_1>5/6 _i(b)¥3x

EllipticF [ArcSin| |, (-1)*73]

31/4

Problem 462: Result unnecessarily involves imaginary or complex numbers.

<a+bx3)3/2 (c+dx+ex2+fx3+gx4)
J dx

X

Optimal (type 4, 676 leaves, 12 steps):
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2a2f+Va+bx> 54aZgx+a+bx? 54a2e+/a+bx3
+ + +
15b 935b 91 b2/3 ( 14++/3 ) al/3 ; pl/3 x)
2 (a+bx3)>? (12155 c x + 9945 d x? + 8415 e x> + 7293 f x* + 6435 g x5 1
.
109 395 x 255 255 X

2a+/a+bx3 (85085 c x + 41769 d x* + 25245 e x> + 17017 f x* + 12285 g X°) -

A/ 3
Ea3/2cArcTanh[7a+bX | - |27 3¥4/2-+/3 a’Ze (a'?+ b3 x)

3 Ve

a2/3 _ q1l/3 pl/3 y 4 p2/3 y2 (1 -4/3 ) al’3 + bl/3 x
EllipticE [ArcSin|

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-av3]]/

31/3 (a1/3 +bl/3 X)
2/3 / 3
91b , a+bx +
([10+/3) a2+ b1

18 37%+/2++/3 a? (1547bd-935 (1-+/3 | a?b? e -182ag) (a'?+ b x)

a2/3 _ a1/3 pl/3 x | p2/3 y2 o ' 1-+3 ) al/3 4+ bl/3 x
EllipticF [ArcSin|

((1+ﬁ) a1/3+b1/3x)2 (1+ﬁ) al/3 4 pl/3 x

|, -7-43]/

a1/3 a1/3 + b1/3 X
85085 b*/3 ( ) rJa+bx3

((1+\5) a1/3+b1/3x)2

Result (type 4, 753 leaves):

| 129
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#leaerx?’

765765 b

(2732 (187 f+81gx) +2ab (170170 c + 97461 d x + 67328 e x* + 51051 f x> + 40950 g x*) +

7b% x> (12155 ¢ +9945d x + 33 x* (255e+13x (17f+15gXx)))) -
1

1/3,.(_1)2/3 p1/3 \/7
a/’+ (-1 / b / X a+b X3
(1+ (-1) 1/3) al/3

255255 b#/3

al’3 4 (—1)%3p/3x va+bx3
2a3/? 85085b4/3c\l (-1) rJa+bx3 Ar‘cTanh[Jri]Jr

(1+(-2)*2) a1 Va

al/3 4 pl/3 x (—1)1/3 (a1/3— (—1)1/3 bl/3 x)

125307 /a bd ((-1)*7? a1/3b1/3x)J |

14 (_1)1/3) al/3 (1+ (_1)1/3) al/3

1/3 _1)2/3 p1/3
EllipticF [ArcSin| a2+ (1) X , (-1)2] -
(1+ (71)1/3) a1/3
1/3 | pl/3 _1)1/3 (g3 - (Z1)Y3 pl/3
14742332 g ((_1)1/3 a1/3_b1/3x) a’?+b7x < > ( ( ) )
(1+ (_1)1/3) al/3 (1+ (_1)1/3) al/3
1/3 -1 2/3 b1/3
EllipticF [ArcSin| a2+ (1) X , (-1)2] -
(1+ (71)1/3) al/3

(_1> 1/3 (a1/3 B (_1> 1/3 p1/3 x)

7573572 a®/f b2 e ((-1)*2al? - b3 x] | )
1+ (-1) al/3

\/<1>1/6 n:i///zx

(_1)1/3

_ <71 + (71)2/3) EllipticE [ArcSin| e

\/<—1>1/6_ j:i/’zx | (71)1/3
)

31/4 _1+<_1>1/3}

EllipticF[ArcSin|

)

14 (71>1/3

} _
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Problem 463: Result unnecessarily involves imaginary or complex numbers.

b x3)3/2 d 2, fy3 4
J(a+ x3) 7% (crdx+ex?+fx +gx)dlx

x2

Optimal (type 4, 692 leaves, 12 steps):
2a2g/a+bx® 27acva+bx® 27a(13bc+2af) Va+bx®
- +

15b 7 x 91b2/3((1+ﬁ) a1/3+b1/3x) )

2ava+bx> (19305cx +5005d x? + 2457 e x* + 1485 f x* + 1601 g X°)

15015 X2
2 (a+bx3)?? (6435 c x + 5005 d x2 + 4095 e x> + 3465 f x* + 3003 g x°)

+

45045 x?
Eai‘/zdAr‘cTanh[iaerX3 | - |27 3Y44/2-+/3 a*3 (13bc+2af) (a2 +b™3x)
3 Ve
2/3 _ 41/3 p1/3 2/3 2 1-/3 ) a3 4+pl/3x
e A b e bx EllipticE[ArcSin[( ) ],JJW?}/
TRGEE (1043 | a5 01

a1/3 a1/3+b1/3x
182 b?/3 ( ) ; \Ja+bx3 | +

((1+\/?) a1/3+b1/3x)

9 33442443 a*3 (182a2/3b1/3e-55 (1-\/?) (13bc+2af)) (a3 + b1/ x)

a2/3 _ al/3 pl/3 x4 h2/3 x2 (1 -+/3 ) al/3 + bl/3 x
EllipticF [Ar‘cSin[

((1+ﬁ) al/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

), -7-4v3]|/

a1/3 a1/3 + b1/3 X
5005 b?/3 ( ) rJa+bx3

((14—\/?) a1/3+b1/3x)2

Result (type 4, 817 leaves):

;bw/a+bx3 (6006 a* g x +2b> x> (6435 +7x (715d + 585 e x + 495 f x* + 429 g x?) ) +
45045 b x
ab (-45045c+4x (10010d+5733ex+33x* (120f+91gx)))) -

1

15015b2/3 M “/a+bx3
(1+(-1)23) 223

| 131
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1/3 -1 2/3 pl/3 3
2 100103 b2g | 1Y % Jazbx ancrann V270X
(1+ (—1)1/3) al/’3 Ja

1/3 , wi/3 -1)'3 (a1/3— -1)Y3p1/3 x)
14742ab% e ((-1)"2 a2 - b3 x| J ae b ) )
(1

s (-1)22) At (1+(-1)?) a2

al/3 4 (71> 2/3 bl/3 x

(14 (-2)22) a1

EllipticF[Ar‘cSin[\l , (_1>1/3] _

(71) 1/3 (a1/3 B (71) 1/3 pl/3 x)

(1+(-2)2) a1

57915+/2 a'3bc ((-1)1/3 al/3 - b1/3x)

\/(_1)1/6_ib1/3x 13
1/3 -1 /
_ (_1+ (—1)2/3> EllipticE [ArcSin| : B (-3) ] -
34 -1+ (-1)°

\/<1>1/6 ﬁ:i;zx (_1)1/3

EllipticF[ArcSin[ 314 ]: 1 < 1>1/3}
“14 (-

(_1>1/3 (a1/3 B <_1>1/3 pl/3 x)

(1+(-1)*3) a2

1/6 ibY3x
(*1) - 1/3
1/3 ,1
_ (,1+ <71>2/3> EllipticE [ArcSin| : s 1) | -
31/4 ~1+ (-1)%3

8910/2 a* f [ (-1)7al? - b? x|

i pl/3
\/(—1)1/6— :1/3)( (_1)1/3

EllipticF [ArcSin| S s 1. <71>1/3}

Problem 464: Result unnecessarily involves imaginary or complex numbers.
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dx

J(a+bx3)3/2 (crdx+ex?+fx3+gxt)
3

X
Optimal (type 4, 694 leaves, 11 steps):
27aca+bx3 27adva+bx3 27a (13bd+2ag) Va+bx?
- +

10 x? 7 X 91 b2/3 ((1+\/?) al/3 4 pl/3 x)
;32ax/a+bx3 (27027 c x - 19305 d x> - 5005 e x> - 2457 f x* - 1485 g X°) +
15015 x
2 (a+bx3)?? (9009 c x + 6435 d x? + 5005 e x> + 4095 f x* + 3465 g x°)

45045 x3
~/ 3
Ea”zeAr‘cTanh[iaerX | - 127 3¥44/2-+/3 a*? (13bd+2ag) (a'?+b"3x)
3 Va
2/3 _ 41/3 y1/3 2/3 2 1-+/3 ) a3 b3 x
G L L EllipticE[ArcSin[( ) ],7774\/?}/
((1+\E) al/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

a1/3 a1/3+b1/3x
182 b?/3 ( ) ; Jarbx® |+

((1+\/?> al/3 | pl/3 X)

9 33/4x/2+ﬁa(91b1/3 (11bc+4af)—11@(1—\5) al’3 (13bd+2ag)) (a¥/? + b1/3x)

a2/3 _ al/3 pl/3 y 4 h2/3 x2 (1 -+/3 ) al/3 4+ bl/3 x
EllipticF [Ar‘csin[

((1+\/?) al/3+b1/3x)2 (1+\/?) al/3 , pl/3 x

|, -7-4v3]|/

1/3 1/3 b1/3
10010 b?/3 2 (a . X> ; Ja+bx3
((1+\/?) a1/3+b1/3x)

Result (type 4, 952 leaves):

W«/amﬁ (a (-45045c-90090dx +8x> (10010 e +9x (637 f+440gX))) +

4bx> (9009 c+5x (1287d+7x (143e+117fx+99gx?)))) -
1

30030b2/3 &(*_1)2/319—1/3)( 1’a+bx3

(1+ (-1) 1/3) al/3
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1/3 -1 2/3 pl/3 3
2 20020 3 b2e |t 1 * faibx arcrann[ 210X
(1+ (—1)1/3) al/’3 Ja

a1/3 + b1/3 %

<71>1/3 (a1/3 B (71> 1/3 pl/3 X)

81081 b%/3 ¢ ((-1)1/3 a1/3-b1/3x) J (
1

al/3 4 (71> 2/3 bl/3 x

(14 (-2)22) a1

s (_1>1/3] n

EllipticF [Ar‘csin [J

. (_1)1/3) al/3 (1+ (_1)1/3) al/3

al/3 4 pl/3 x

(—1) 1/3 (a1/3 B (71>1/3 pl/3 x)

29484 ab'/3 f ((-1)”3 a1/3-b1/3x) J (

al/3 4 (71> 2/3 bl/3 x

(14 (-2)22) a1

s (_1>1/3] _

EllipticF [ArcSin [J

<_1>1/3 (a1/3 B (_1> 1/3 p1/3 x)

(14 (-2)22) a1

\/(_1>1/6_ 11:)1%
B

1158302 a'’3bd ((-1)”3 al/3 _pl/3 x)

bl/3 x

J'l(l+

1+ (_1)1/3) al/3 (1+ (_1)1/3) al/3

7) - [-1+(-1)*?] EllipticE [ArcSin]

3i++/3

31/4

Jraves
} _

EllipticF [Ar‘cSin[ 31/4 ] ’ “1+ <—1> 13

(-1)*2 (a12 - (1) b1 x]

17820+/2 a*3¢g ((-1)1/3 a1/3—b1/3x)
(14 (-1)22) a1

(~1)5 - ibtix 13
1/3 -1
_ (,1+ <71>2/3) EllipticE [ArcSin| . 15 1)
31/4 14 (-1)
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J<1>1/sj:i;jx (_1)1/3

31/4 s 71+<71>1/3}

EllipticF [ArcSin|

Problem 465: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx3)3/2 (c+dx+ex?+fx3+gxt
4

X
Optimal (type 4, 692 leaves, 12 steps):
acvVa+bx? 27ad+va+bx? 27aera+bx? 27abl’3e/a+bx3
+ - +

x3 10 x2 7 x 7((1+\/?> a1/3+b1/3x)

2ava+bx® (1155c x +2079d x? - 1485 e x® - 385 f x* - 189 g x°)

+
1155 x4

2 (a+bx3)*? (1155 c x + 693 d x? + 495 e x> + 385 f x* + 315 g x°)

3465 x*

Va+bx3
Va

a2/3 _ ql/3 pl/3 5 4 p2/3 y2
27  3l/4 m 3%/3pl/3 e <a1/3 + bl/3 x) ’ ; EllipticE[
((1+\/?) a1/3+b1/3x)

| =

Jva (3bc+2af) ArcTanh|

] _

- ~ w

1- ) al/3 4 pl/3 x

V3
(1+\/?) al/3 4 pl/3

1/3 1/3 b1/3
|, -7-4+/3] / 14 2P (a7 b1 x) Ja+bx? |+

((1+\/?) a1/3+b1/3x)2

Ar‘cSin[

9 33/4x/2+ﬁa(77bd-119 (1-%?) a1/3b2/3e+28ag) (a3 + b1/ x)

a2/3 _ al/3 pl/3 x4 h2/3 x2 o . 1-+/3 ) al/3 4+ bl/3 x
EllipticF [Ar‘cSm[

((1+\E) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-4v3]|/

. b1/3 al/3 <a1/3 + bl/3 X> W

((1+\/?) a1/3+b1/3x)2

Result (type 4, 813 leaves):
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\Ja+bx3

— + +

8 f C d e 28gx [Zc 2dx 2ex? 2fx® 2gx*
a(f— +—— | +b + + -

9 3x3 2x* X 55 3 5 7 9 11
Va+bx3 2 Va+bx3
Vabc Ar‘cTanh[Jri] i as/Z-FAr*cTanh[Jri] _
Va3 Va

a1/3 + b1/3 X

1+ (-1)7) 223

27ab?3d ((—1)1/3 al/3 _pl/3 x) \I (

_1)V3 313 _ (_1)2/3 p1/3 1/3 _1)2/3 p1/3
\I -1) 7o () . EllipticF[Ar‘cSin[\l i . ]» (1)1/3}J/

(1+ (—1)1/3) al/3 (1+ (71>1/3) al/3

1/3 _1)2/3 p1/3
10Ja +( ) X«/a+bx3 -

(14 (-2)22) a1

1/3 1/3
54a2g((71)1/3a1/37b1/3x) Al b x
(14 (-2)22) a1

al/3 4 (_1>2/3 bl/3 x ]J (71)1/3} /

(14 (-1)22) a1

\I (_1>1/3 a1/3 _ (_1)2/3 b1/3X

EllipticF[Ar‘cSin[
(14 (-2)272) a1

1/3 1 2/3 pbl/3
[55b1/3\la Jr< > X la+bx3 _

1+ (-1)*3) a2

1/3 a1/3 _ (71) 2/3 b1/3 X

(14 (-2)22) a1

272 a*3 bt e ((—1)1/3 31/3,b1/3x) J (-1)

<71>1/6 _ib¥3x

o _q)1/3
=, 1) | +EllipticF|
31/4 _1+4 <_1>1/3

(-1+ (-1)*) E1LipticE [ArcSin]

i 1/3

Jraresm e

ArcSin| ] ] /
31/4 14 (71>1/3

1/3 _1)%/3 p1/3
7\Ia +< ) X \Ja+bx3

(14 (-1)*3) a23

Problem 466: Result unnecessarily involves imaginary or complex numbers.

dx

J<a+bx3)3/2 (c+dx+ex2+fx3+gx4)
5

X

Optimal (type 4, 741 leaves, 13 steps):



Mathematica 11.3 Integration Test Results for 1.1.3.8 P(x) (c x)™"m (a+b x~n)”p.nb | 137

27aca+bx> adVa:bx3 27aea+bx3 27(7bc+8a1‘)\/a+bx3
. _

+ +

20 x* x3 10 x? 56 X
27b'3 (7bc+8af) Va+bx® 2ava+bx® (189cx+105dx?+189ex®-135Ffx* -35gx°)
- +
56 ((1+ﬁ) al/3 4 pi/3 x) 105 X5

2 (a+bx3)*? (315cx+105dx? + 63 e x> + 45 f x* + 35 g x°)

315 x°

~/ 3
l\/? (3bd+2ag) Ar‘cTanh[LbX
3 Va

2/3 _ 41/3 p1/3 2/3 y2
27 3Y47[2-+/3 a'?b'? (7bc+8af) (a2 + bV x) al A b X b X EllipticE|
((1+\/?) a1/3+b1/3x)2

] -

13 ] et bt

173 ) a2 b0 x

| oreava ]|/ | ST e
((1+\/?)a1/3+b1/3x)2

Ar‘cSin[

9 3412443 a'?bl? (282272 e-5(1-V/3 ] (7Tbc+Baf)| (a¥?4bYx)

EllipticF [ArcSin|

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 b3 x
a a/? b2 x+b*/?x ) ]’_7_4\/?} /
((1+\/?) a1/3’+b1/3’x>2 (1+\/?) al/3 4+ pl/3x

a1/3 (a1/3+b1/3 X)
280 TRE rJa+bx3
((1+\/?) a’?+b X)

Result (type 4, 878 leaves):
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2520x4\/m (-70a (9c+2x (6d+x (9e+2x (9f-8gx)))) +
b x3 <73465c+16x (105d+x (63e+5x (9f+7gx)))>) N

Vva+bx3 2 Vva+bx3

Va bdArcTanh| ———] - = a*?gArcTanh[ ———| -

O Va

27 ab23 e (<_1>1/3 413 pis3 x) al/3 ;1 pl/3 x (_1)1/3 al/3 _ (_1)2/3 bl/3 x ElliptiCF{
(1+(-2)2) a2 (1+(-2)?) a2

APCSin[J a1/3+ (_1)2/3 b1/3x ]’ <1>1/3]]/

(1+(-2)?) a2

1/3 _1)2/3 p1/3
1@\la +( ) X\/aerXB -

(1+(-2)?) a2

(_1) 1/3 q1/3 _ (_1> 2/3 ph1/3 ¢

(14 (-2)22) a1

27 al/3 p#/3 ¢ ( (71) 1/3 41/3 _ p1/3 X) J

J<1>1/6 i bY/3x s
1/3 -1
(71+ (71)2/3) E1lipticE[ArcSin| : ], (-1) ] + EllipticF|
31/4 _1+4 <_1>1/3

\/(—1)1/6——]1:::)( (~1)v
ArcSin| |, ] /
31/4 1+ (71>1/3

1/3 _1)%/3 p1/3
4ﬁ\la +< > Xx/a+bx3 -

(14 (-1)*3) a2

(71) 1/3 al/3 _ (71) 2/3 py1/3 ¢

(1+(-2)*?) a1

27+/2 a*3pl/3f ( (_1) 1/3 J1/3 _p1/3 x) J

<_1>1/6_ ib'3x
41/3 (7 1) 1/3
(-1+ (-1)**) E1LipticE [ArcSin] s
31/4 -1+ <—1>1/3

| + EllipticF|

(71> 1/6  ibY3x

oy _q)1/3
ArcSin| ” . ] 1) 13} /
3 (-1)Y

-1+

1/3 _1)2/3 p1/3
7\Ia +< ) X \Ja+bx3

(14 (-1)*3) 223
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Problem 467: Result unnecessarily involves imaginary or complex numbers.

J(aerx-”)B/2 (crdx+ex?+fx3+gxt)
6

dx
X

Optimal (type 4, 689 leaves, 11 steps):
27bcVa+bx’> 27bdva+bx? 27bY?(7bd+8ag) Va+bx®
- +

20 x? 8 x

56 ((1+ﬁ) a1/3+b1/3x)

— + + +

1 (12c 15d 20e 30f ©60g
+

(a+bx3)3/2—

60 | x° x4 x3 x? X
bvarbx® (252cx-315dx?-140ex® - 126 f x* - 180 g x°) Jaibx?
—\/?beAr'cTanh[i} -
140 x3 Va

EllipticE|

2/3 _ 41/3 p1/3 2/3 42
27 31/4A/27\E al/3 pl/3 <7bd+83g) (a1/3+b1/3x) a al/3bl/3 x +b%/3x
[(1473) a0 x)?

(1_\/?) al/3 L pl/3

L a1/3 <a1/3+b1/3 X) ,73
(1+\/?) a1/3+b1/3x]’ 7-433 ] / . ((1+\/?)a1/3+b1/3x)2 R

Ar‘cSin[

9 3¥4./24+/3 b3 (14b1/3 (bc+2af)—5(1—\/?) al/3 (7bd+8ag)) (a3 + b3 x)

2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 :p3x
F b X0 X ipticE [Arcsin] ) ],_7-4\/?}/
((1+\/?)a1/3+b1/3x>2 (1+\/?)al/3+b1/3x
1/3 1/3 b1/3
280 2 (- d \Ja+bx3
((1+\/?)a1/3+b1/3x)2
Result (type 4, 949 leaves):
— 5x/aerx3 (14a (12c+5x (3d+4ex+6Xx> (f+2gx))) +
840 x
bx* (546 c+x (1155d-16x (35e+3x (7f+5gx))])) - !

280 | 2LeCLPPx ([ATNS
(1+(-1)22) 222

1/3 1 2/3 pl/3 N 3
bl’3 |280+/a b*3e G ) X \Ja+bx? Ar‘cTanh[be] +
(1+ (71>1/3) al/3 /a
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al/3 4 pl/3 x (—1)1/3 (a1/3— (—1)1/3 p1/3 x)

14 (_1>1/3) 31/3 (1+ (_1>1/3) al/3

378b%3 ¢ ((-1)*2 a2 - b3 x] J |

1/3 -1 2/3 b1/3
EllipticF[ArcSin| G >1/3 X , (_1>1/3] )

(1+ (-1) ) al/3

1/3 (41/3 1/3 1.1/3
756ab1/3f((*1)1/331/3—b1/3x) al’3 + bl/3 x (—1) (a /3 _ (—1) b1/ X)
(1+ <_1>1/3) 31/3 (1+ <_1>1/3) al/3

1/3 -1 2/3 b1/3
EllipticF[ArcSin| '+ (-1) X _1>1/3] ~

(1+ (-1)1/3) al/3

(71> 1/3 (31/3 B (71) 1/3 pl/3 X)

(1+(-2)2) a2

\/(_1)1/6_i:iﬁx (_1>1/3

1/4 }’ 1/3
3 -1+ (-1)

9452 a2 bd ((-1)1 &% - bV x|

- [-1+(~1)*?) EllipticE[Arcsin|

J<1>1/6 Jibi/zx e
EllipticF [Ar‘csin[ . ] , (7 ) } -
31/4 14 (_1>1/3

(71>1/3 (a1/3 B <71>1/3 pl/3 x)

(1+(-1)*3) a2

(_1)1/6_ ibY3x
12 (71>1/3
- (—1+ (—1)2/3) EllipticE [ArcSin] B ] -
31/4 14 (1)

1080 \/? a4/3 g ( (_1> 1/3 41/3 _ p1/3 x)

J<1>1/6@ s
1/3 -1
EllipticF [ArcSin| : ]s 1) ]
31/4 14 (-1)Y
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Problem 468: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bx3)3/2 (crdx+ex?+fx3+gxt)
7

X
Optimal (type 4, 692 leaves, 12 steps):
bcva+bx? 27bd+a+bx? 27beva+bx®
N _

+

4 x3 20 x2 8 x
27b*3e~a+bx3 1 (10c 12d 15e 20f 30g 31372
——( + + + + (a+bx > -
x® x° x4 x3 x?

8 ((1”/?) a1/3+b1/sx) 60

+ 3
bva+bx® (16cx+36dx?-45ex>-20fx*-18gx°) b (bc+4af)ArcTanh| %X ]

20 x* a/a

2/3 _ 41/3 b1/3 b2/3 2
27 344243 alPb*e (al? i pM3x) | 2 ° 2 Elliptice|
((1+\/?) a1/3+b1/3x)

1-+/3 ) al/3 4 pl/3 x

(1+\/?) al/3 4 pl/3 x

ArcSin|

1/3 (g1/3 4 pl/3
]:—7—4\/?} / 16 2 (a ! X) Ja+bx3 |«

((1+\/?) a1/3'+b1/3'x)2

9 334./24+/3 b2/3 (2bd—5(1—\5) a1/3b2/3e+4ag) (a3 + b3 x)

a2/3 _ q1/3 pl/3 y 4 p2/3 x2 (1 -4/3 ) al’3 + bl/3 x
EllipticF [ArcSin|

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-av3]] /

al/3 (a1/3 + bl/3 X) ;
40 ((1+\/?)a1/3+b1/3x)2 \/a+bx

Result (type 4, 805 leaves):
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= \Ja+bx® (bx® (50c+x (78d+x (165e-80Fx-48gx?))) +

120
a(20c+2x (12d+5x (3e+afx+6gx?)))) +

20 b c ArcTanh [ @}

3 80 \/ b x3
—b |- Va —f\EfAr'cTanh[iaJr X }f
80 3Va 3 Va

al/3 4 pl/3 x \I (—1)1/3 al/? - <‘1>2/3 b*™ x ElliptiCF{

s (-1)22) @t (1+(-1)*?) a2

36 b2/3 d ((71>1/3 al/3 _pl/3 x) \I (
1

APCSin[\I al/3 | <_1>2/3 bl/3 x ], (1)1/3}J/ [J al/3 4 (_1)2/3 bl/3 x \/m .

(1+ (71>1/3> 31/3 (1+ (71)1/3) al/3

1+ <_1>1/3) 31/3 (1+ (_1)1/3) al/3

1/3 1/3 -1 1/3 J1/3 _ 1 2/3 pl/3
72ag((1)1/3a1/3b1/3x)\l ( Al b x J () a2 - (1) X Ellipticr|

1/3 -1 2/3b1/3 1/3 -1 2/3b1/3
ArcSin[\I @+ (1) X ]s (1)1/3}J/[b1/3\l @+ (1) X ~Ja+bx3

(1+ (_1>1/3) a1/3 (1+ <_1>1/3) al/3

1/3 a1/3 _ <71>2/3 b1/3 X

(1+(-1)*?) a2

99+/2 al’/3bt/3e ((71>1/3 al/3 _pl/3 x) \l (71>

(71)1/67 i bY/3 x 13
1/3 -1
(71 + (71)2/3) EllipticE [ArcSin| : B =1) ]
31/4 ~1+ (-1)%3

+ EllipticF|

\/(_1)1/6_ 1:1//2)( (_1>1/3 al/3 . (_1)2/3 bl/3 x
ArcSin | B ] / \Ja+bx?

31/4 14 (71)1/3 (1+ (_1)1/3) a1/3

Problem 469: Result unnecessarily involves imaginary or complex numbers.

dx

J<a+bx3)3/2 (c+dx+ex2+fx3+gx4)
8

X

Optimal (type 4, 746 leaves, 13 steps):
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27bc/a+bx®> bdva+bx3 27beJa+bx3 27b(bc+14af)\/a+bx3
+ + -

280 x* 4 x3 20 x? 112 ax
27b%2 (bc+14af) Va+bx? 1 (sec 70d 84e 105f 1ld0g
+ +

+

112 a ((1+\/?) al/3+b1/3x) _420

+ +

3/2
(a+bx3) .
x7 x8 x° x4 x3

bva+bx® (36cx+70dx?+252ex-315fx* - 140 g x°)

140 x°

b(bd+4ag) Ar‘cTanh[@]
Rk 31/4\/ﬁb‘”3 (bc+14af) (a'?+b'3 x|

4-/a
2/3 _ 41/3 11/3 2/3 2 1-+/3 ) a3 b3
AR LA S EllipticE[ArcSin[( ) ],_7-4\/?}/
((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

1/3 1/3 1/3
a at’? + b3 x
224 a%/3 ( > \Ja+bx3 | +

((1+\/?) a1/3+b1/3x)2

9 344/24/3 b*? (2822707 e-5(1-V/3 | (bc+14af)) (a¥? b x)

EllipticF [ArcSin

a2/3 _ 3q1/3 pl/3 y 4 p2/3 y2 (1—\/?) al’3 + bl/3 x 5
-7-4+/3 /
\I((1+\/?)a1/3+b1/3x)2 [(1+\/?)a1/3+b1/3x], }

. a2/3 a1/3 <a1/3+b1/3x> *a+bx3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 897 leaves):

‘MW (405b2cx®+2abx® (255¢c+7x (5@d+x (78e+165Fx-80gx?))) +

42 (60c+7x (10d+x (12e+5x (3f+4gx))))) - i

1/3,.(_1)2/3 p1/3 \/7
56@a | TtFLIbIIX ([ 3
(1+ (71)1/3) al/3

1/3 1 2/3 pl/3 [ o3
b 140\/?de G X \Ja+bx? ArcTanh[a+—w]+

(1+ (_1)1/3) al/3 Va
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al/3 2/3 bl/3 x i 3
560a3/2gJ - (-1 v/a+bx? ArcTanh be] +

(1+ ( 1)1/3) al/3 NE
756 ab2/3 e (( 1)1/3 al/3 _pl/3x al/3 1 pl/3 x (71)1/3 (a1/3— (71)1/3 pl/3 x)
1/3 31/3 (1+ <_1>1/3) al/3
1/3 71 2/3 p1/3
EllipticF [ArcSin| 2 X I, (-1)v2] -
(1+ (71)1/3) al/3

(71)1/3 (a1/3 B <71>1/3 pl/3 X)

1352 2263 c [ (-1)/% at/? bt/ ( ]
1+ (-1) al’3

\/(_1)1/6_123? (71>1/3

- (—1+ (—1)2/3> EllipticE [ArcSin| B

31/4 1. (_1)1/3

J<1>1/6 i bY/3 x s
1/3 -1
EllipticF [ArcSin| . ]s 1) -
31/4 14 <71>1/3

(_1> 1/3 (a1/3 B (_1) 1/3 p1/3 x)

1890 /2 a* b2 £ [ (-1)7al? - b2 x| | )
1+ (-1) al/3

- [-1+ (-1)*”] EllipticE[Arcsin|

J<1>1/6 n:i%

(_1)1/3

31/4

N /:
\/(—1)1/6— :i/zx ] (71)1/3
B

31/4 14 <_1>1/3

EllipticF [ArcSin|

]

)

-1+ (-1)

1/3} -

Problem 470: Result unnecessarily involves imaginary or complex numbers.

dx

j<a+bx3)3/2 (c+dx+ex2+fx3+gx4)
9

X
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Optimal (type 4, 705leaves, 11 steps):

1 63c 90d 140e 252f 630
-—b + + + + g) W_
560 x> x4 x3 x2 X
27b>c/a+bx’? 27b2dVa+bx’ 27b*3 (bd+14ag) Va+bx®
_ N _
320 a x? 112 ax 112a((1+4/3)a1/3+b1/3x)
2 \ a+b x3

1 (1e5c 120d 140e 168f 210g sy Y @ArcTanh [0
— + + + + <a+bx ) - -
840 x8 x’ x® x° x4 4-/a

2/3 _ 31/3 Kpl/3 2/3 y2
27 3V44/2-+/3 b*3 (bd+1dag) (a2 b13x) | T2 b7 x+b7 X
([1++/3]) a1/3+bl/3x)2

(17\5) al/3 | pl/3

(1+\/?) al’3 + b3 x

EllipticE [ArcSin|

), -7-4v3]|/

al/3 (al/3 4 pl/3
224 3%/3 ( > ; Ja+rbx® | -

([(1+33 ) a3 02

9 3¥4./24++/3 b*3 (7b1/3 (bc-lsaf)+2e(1-ﬁ) al/3 (bd+14ag)) (a3 + b3 x)

2/3 _ 41/3 1/3 2/3 2 1-+/3 ) a3 b3
T X X EllipticF[ArcSin[( ) ],7774\/?}/
((1+\/?) <.:,1/3+bl/3x)2 (1+\/?) al/3 4 pl/3 x
1/3 1/3 b1/3
2240 a il Gl d 2\/a+bX3
((1+\/?) a1/3+b1/3x)
Result (type 4, 978 leaves):
_r
6720 a x8
\Ja+bx® (81b*>x® (7c+20dx) +4abx?(399c+2x (255d+7x (50e+78Ffx+165gx?))) +
1

8a? (165¢c+2x (60d+7x (10e+3x (4f+5gx))))) -

/3 2/3 K1/3
1/ - "/
a7 (1) b/ X Vva+b X3

2240 a
(1+ (-1) 1/3) al/3

1/3 1 2/3 pl/3 / 3
b*3 |560/a b?3e 2 +< ) x \Ja+bx? Ar‘cTanh[LbX] -
(14 (-2)22) a1 Va
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al/3 4 pl/3 x (—1)1/3 (a1/3— (—1)1/3 p1/3 x)

14 (_1>1/3) 31/3 (1+ (_1>1/3) al/3

189b%2 ¢ ((-1)*2at? - b3 x| J |

1/3 -1 2/3 b1/3
EllipticF[ArcSin| '+ (-1) X , (_1>1/3] )
(1+ (-1)1/3) al/3
1/3 , p1/3 _1)Y3 (13 _ (_1)13 pl/3 g
3024 a b3 f ((—1)1/3a1/3—b1/3x> a’ b X (-1) ( (-1) )
(1+ (_1)1/3) al/3 (1+ (_1)1/3) al/3
1/3 -1 2/3 b1/3
EllipticF[ArcSin| '+ (-1) X , (_1>1/3] ~
(1+ (-1)1/3) al/3

(71> 1/3 (31/3 B (71) 1/3 pl/3 X)

(1+(-2)2) a2

\/(_1)1/6_i:iﬁx (_1>1/3

1/4 }’ 1/3
3 -1+ (-1)

5402 a'?bd (1) a? - b x|

- [-1+(~1)*?) EllipticE[Arcsin|

J<1>1/6 Jibi/zx e
EllipticF [Ar‘csin[ . ] , (7 ) } -
31/4 14 (_1>1/3

(71>1/3 (a1/3 B <71>1/3 pl/3 x)

(1+(-1)*3) a2

(_1)1/6_ ibY3x
12 (71>1/3
- (—1+ (—1)2/3) EllipticE [ArcSin] B ] -
31/4 14 (1)

7560 \/? a4/3 g ( (_1> 1/3 41/3 _ p1/3 x)

J<1>1/6@ s
1/3 -1
EllipticF [ArcSin| : ]s 1) ]
31/4 14 (-1)Y
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Problem 471: Result unnecessarily involves imaginary or complex numbers.

b x3)3/2 d 2, fy3 4
J(a+ x3) 7% (crdx+ex?+fx +gx)dlx

Xl@

Optimal (type 4, 714 leaves, 12 steps):
b [H3c . 128, e EL PR VaibX i aibed

XS
1680 C 24ax3
27b2dVa+bx3 27b2e+a+bx3 27073 eJa+bx3
320 a x? ) 112 ax +1123((1+\/?) a1/3+b1/3x)_

3
280 c 315d 360 e 420 f 504 g 3)\3/2 b2 bc- 6a £ Ar‘CTanh @
( x° * x8 * x’ - x° * x° ) <a +bx ) . ( ) [ Va }

2520 24 a3/

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3+b1/3x)2

27 31/4 27\5 b7/3e (a1/3+b1/3 X)

(17\/?) al/3 | pl/3
(1+\/?) al/3 4 bl/3

EllipticE|[ArcSin|

|, -7-4v3]|/

- a2/3 a1/3 (a1/3+b1/3 X> ,7a+bx3

((1+\/?) a1/3+b1/3x)2

9 3%44/24/3 b5 (7bd+20 (1-V3 | at?b¥Pe-112ag) (a¥/2+ bV x]

a2/3 _ al/3 pl/3 x 4 h2/3 x2 1-+/3 ) al/3 4+ bl/3 x
EllipticF [Ar‘csin[

((1+ﬁ) al/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-43]/

1/3 1/3 b1/3
2240 a 2 <a - X> Zx/a+bx3

((1+\/?) a1/3+b1/3x)

Result (type 4, 1056 leaves):
ac ad ae -7bc-6af -19bd-16ag
—_— - + + -

9x® 8x8 7x’ 36 x° 80 x°
17be b(bc+1@af) b (27bd+208ag) 27b%e

\Ja+bx® +

56 x* 24 a x3 320 a x? 112 a x

| 147
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1 560bcAr‘cTanh{@] Varibx®
b2 Y2~ _1120+/a fArcTanh [———
4480 a 3+a Ja

] -

1/3 _1)2/3 51/3
avz X (_1)1/3a1/3 1_1)—a+x
pl/3 pl/3
378bd - - +X
al/3 . (-1)%/3 al/3 bl/3 (-1)Y/3 at/3 . (-1)2/3 a1/3
pl/3 pl/3 pl/3 bl/3

(-1)¥3 a1 - pt/3x 1, (-1)22] /

EllipticF [ArcSin|
((_1)1/3 N (_1>2/3) 31/3

_1)1/3 31/3 1/3
-t e X - ex (71>1/3 al/3
b*/ / 3 b/
1/3 31/3 2/3 51/3 a+bx " 6@483g 1/3 1/3 j1/3 - 1/3 X
_(nPatr (n?Pal all  (L)aY b
pl/3 pl/3 pl/3 p1/3
_ )2/3 1/3
2 //a + X _1)1/3 3173 _p1/3
bl/3 . . . 1 a X 1/3
— — EllipticF [ArcSin| s o s ) (-1)*?] /
(1Y2al? (1) (-1)*7+ (-1) )a/
pl/3 pl/3
(1 1/3 1/3
bl/3 +X b 3
A/a+bX +
B (71)1/3 al/3 B (71>2/'3 a1/3
pl/3 pl/3
1/3 2/3 J1/3
pl/3 (¥+X) <71>1/3a1/3 (-1) //a/ X
1080be | - i - £ x Gl
781/3 n <71> 2/3 a1/3 b1/3 (71)1/3 al/3 . (71)2/3 al/3
pl/3 pl/3
2/3 j1/3 1/3
1 -1 at’? +b¥7x
—<7a1/3 v (1) a1/3) EllipticE[ArcSin| (-3)
1/3
bl/ ((_1)1/3 + <_1>2/3) 31/3
. . . _1y2/3 31/3.p1/3 1y1/3
s a3 EllipticF[ArcSin| (Clmaebx ] () 1/,3]
(_1) } ((71)1/3%71)2/3) al/3 “14(-1)Y /
+
1/3 b1/3

-1+ (-1)
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(-1 1/3 a1/3 X
_ e \Ja+bx®
(-1)Y/3 a1/3 (71)2/3 al/3
B pl/3 B pl/3

Problem 472: Result unnecessarily involves imaginary or complex numbers.

(a+bx3)3/2 (C+dx+eX2+'FX3+gX4)
J dx

X11

Optimal (type 4, 764 leaves, 13 steps):

1e8c , 140d , 189e 270f
b -+ + -+ —
7 XS XS 4

4208\ a3
* s ) a+bx®  7p2caibx

X X

1680 1120 a x*
b2dva+bx® 27blearbx® 27b* (bc-4af)Va+bx®
24 a x3 ) 320 a x? : 448 a2 x ;
27073 (bc-4af) Varbxd (DR HL, e, 0P, a0e) (5, py0) 7
448a2((1+\/?) a1/3+b1/3x> B 2520 :

b? (bd-6ag) Ar‘cTanh[@]
2 27 3Y45[2-+/3 b"? (bc-4af) (a?+Db'x)

24 3%/2
2/3 _ 51/3 11/3 2/3 2 1-+/3 ) a3 :p3x
2 aTb X bTIX EllipticE{Ar'cSin[( ) ],—7—4\/?}/
((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 + bl/3 x

al/3 (a1/3+b1/3x)
5/3 3] _
896 a ((1+ﬁ>a1/3+b1/3x)2 A/ a+bx

9 344/24+/3 b7 (7a22bM2e -5 (1-V/3 ] (bc-4af)) (a¥? b x)

a2/3 _ a1/3 p1/3 x | p2/3 y2 o ' 1-+/3 ) al’3? + bl/3 x
EllipticF [ArcSin|

((1+ﬁ) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-43]/

1/3 1/3 1/3
a a +b*°x
2240 a°/3 ( ) Ja+bx3

([1+73) a2 602 x)?

Result (type 4, 930leaves):

—;xla+bx3 -1215b3cx®+8a3 (252c+5x (56d+63ex+72fx>+84gx3)) +
g

20160 a2 x1°

| 149
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3ab’x® (162 c+x (280d+81x (7e+20fx))) +
4a’bx> (828c+x (980d+3x (399e+510fx+700gx?*)))) +

, , 1/3 1/3
1/3, (_1)2/3 p1/3 \/7 (1 + (-1 ) a
el Db X \fa i hx3 (-1)

6720 a? — 0
(1+ (-1) 1/3) al/3

Va

(24 (-2)22) a1

/7a b x3 al’3 . (-1 2/3b1/3x
ArcTanh[;] - 1680 a3/2g\l -1) \/a+bx® ArcTanh

1 al’3 . (-1 2/3b1/3x
b2 2seﬁde (-1) rJa+bx3

va+bx3
Va

567ab¥?e ((-1)2al?

al/3 4 (71> 2/3 bl/3 x

(1+(-2)*2) a2

EllipticF[Ar‘cSin[J s (-1)77] -

(71>1/3 (a1/3 3 <71>1/3 pl/3 x)

_1)1/3 (313 _ (_1)1/3 p1/3
i X) al/3 4 pl/3 x (-1) (a (-1)*°b x)
1

N <_1>1/3) 31/3 (1+ <_1>1/3) al/3

405+/2 a3 p*3 ¢ ((—1)1/3a1/3—b1/3x) ( 1/3)
1+ (-1)77) al/3

\/(—1)1/6—121//:)( (71>1/3

- [-1+ (~1)*?) EllipticE[Arcsin| ],

31/4 14+ (_1)1/3

\/<1>1/6 jbi’Zx ( 1)1/3
al/ _
EllipticF [ArcSin| ]s 1+
31/4 1. <71>1/3

1620 /2 a*? b2 £ [ (-1)7 a2 - b2 x|

(_1> 1/3 (a1/3 B (_1) 1/3 pl/3 X)

(1+(-2)) a2

J<1>1/s 1:;%

- (-1+ (-1)*?] EllipticE [ArcSin] e

|+



Mathematica 11.3 Integration Test Results for 1.1.3.8 P(x) (c x)™"m (a+b x~n)”p.nb

i b/
J(—l)l/s— :1/2)( (_1)1/3

31/4 s 71+<71>1/3}

EllipticF [ArcSin|

Problem 473: Result unnecessarily involves imaginary or complex numbers.

<a+bx3)3/2 (c+dx+ex?+fx3+gxt
J dx

X12

Optimal (type 4, 796 leaves, 14 steps):
b(%+1188d+1540e+2079f+2970g)\/m 27b2cm
x7 x4 +

x® x x®
18480 1760 a x° :
27b?dVa+bx’ b’evaibx® 27b? (7bc—22af)\/m+
1120 a x* 24 a x3 7040 a2 x?
27b2 (bd-4ag)Va+bx> 27b73 (bd-4ag)Va+bx®
448 a2 x 448 32 ((1+\/?) a1/3+b1/3x)

a

b 3
(zszec 2772d  3080e  3465f 3960g> <a+bx3)3/2 b3eAr‘cTanh[£}

Xll X10 X9 XS X7

+

27720 24 a3/2

a2/3 _ a1/3 b1/3 X + b2/3 XZ

((1+\/?) al’3 + b3 x 2

27 3V44\/2-+/3 b’/3 (bd-4ag) (a'?+b'?x)

[(1\5) al/3 4 bl/3 x

(1+ﬁ) al/3 L pl/3

EllipticE [ArcSin

|, -7-43]/

a1/3 a1/3+b1/3x
896 a°/3 ( ) arbx® |+

((1+\/?) a1/3+b1/3x)2

9 3¥4./24+/3 b7/3 (7b1/3 <7bc—22af)+110<1—\/?) al/3 (bd—4ag)) (a3 + b1/ x)

a2/3 _ al/3 pl/3 y 4 h2/3 y2 o ‘ 1-+/3 ) al/3 4+ bl/3 x
EllipticF [ArcSin|

((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

|, -7-4v3]|/

R a1/3 (a1/3+b1/3 X) .
49280 a ((1+\/?) 31/3+b1/3x)2 \/a+bx

| 151
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Result (type 4, 1427 leaves):

ac ad ae -25bc-22af -23bd-20ag 7be b(27bc+418af)
_ _ _ . . _ _ _
11 x11 1ex'® 9x° 176 x& 140 x’7 36 x° 1760 a x°
b (27bd+340ag) b2e 27b% (-7bc+22af) 27b%(-bd+4ag) \/T
- - - a+bx® +
1120 a x* 24 a x3 7040 a2 x? 448 a2 x
al/3
1 12320 Va+bx3 ps T X —1)1/3 a1/3
b3 Va eArcTanh|[————] + | 2646 b c v - (=1) + X
98560 a2 3 Va al’ | (1)12a b1/3
pl/3 pl/3
_1)2/3 31/3
BRI L _ (~1)2av3 bix ”
- EllipticF [ArcSin| » (-1)Y73] /
(-1)1/2 a1/ . (21)2/2 a1/ (71)1/3 . <71>2/3> al/3
bl/3 pl/3
- .(71)b11/;a1/3 . x Zzi +X (-1) 1/3 3173
: \Ja+bx® | - [8316af ' - +X
(-1) 1/3 31/3 (-1) 2/3 31/3 ﬁ -1) 1/3 31/3 b1/3
B pl/3 - pl/3 pl/3 * pl/3
i’—l%m <_1)1/3a1/3—b1/3x
: / EllipticF[ArcSin| 1, (-1)*7] /
(-1)1/3 a1/3 (-1)2/3 a1/3 ((_1)1/3+ <_1>2/3) 3l/3
pl/3 pl/3

/3 1/3
_1)1/3 aY/
- + X

bl/3
\Ja+bx3

(-1) 1/3 a1/'3 (-1) 2/3 a1/3
bl/3 B pl/3
pr/3 [22 Ly 1/3 _1/3 neats
pl/3 <7 1) a pl/3
5940bd | - - + X
p p y )
_a1/3+ (_1>2/3 a1/3 pl/3 (-1)1/3al/3 N (-1)2/3 a1/3

pl/3 pl/3

(_1) 2/3 J1/3 | pl/3 x

((_1)1/3 + (_1>2/3) a1/3

%/3 (—al/a + <_1>2/3 a1/3) EllipticE [Ar‘cSin[
b

1/3 . . . (71)2/’3 al/3.pl/3 x (71)1/3
(_1) 13 a+/? EllipticF [Arc51n [\/ ((71)1/&(71)2/3) YA } > 1 ]
} * b1/3 /
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_LentRath pl/3 (ﬂ . x)
1/3 pl/3
b Ja+bx® | +|23760ag |-
B (-1)1/3 a1/ B (71)2/3 al/3 _a1/3 + <_1> 2/3 a1/3
pl/3 pl/3

-1) 2/3 al/3 X
pl/3 *
(71)1/3 al/3 (71>2/3 al/3
pl/3 pl/3

1 1/3 J1/3

b1/3

(_1> 2/3 al/3 1 pl/3x

((_1)1/3 + <_1>2/3) 31/3

% (_a1/3 + <_1> 2/3 a1/3> E1lipticE [Ar‘cSin[
b

. . . (71)2/3 1/3,p1/3 (71)1/3
(_1) 1/3 al’? EllipticF [Ar‘cSln [\/ ((—1)1/3+(a—/1>2/3) :1/3 } ’ ~1+(-1)/3 ]

- /

/
(-1 1/3 31/3
- a + X

1/3
b \Ja+bx3

(-1)Y/3 a1/3 (71)2/3 al/3

pl/3 pl/3

Problem 495: Result unnecessarily involves imaginary or complex numbers.

Jx“ (c+dx+ex2+fx3) \Ja+bx* dx

Optimal (type 4, 418 leaves, 14 steps):

| 153
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2acxVa+bx* adx?va+bx* 2aex?+Va+bx*

21b 16 b 45 b
2 ~/ 4 f 4 b 4\ 3/2
2a’exva+bx +ix5 <9c+7ex2) rJa+bx* + x* arbxt) -
15 b3/2 (\/;JFWXZ) 63 10b
25 aZdAr‘cTanh[Lb X ]
(8af-15bdx?) (a+bx*)* Jarbxt 1
- +
120 b2 16 b3/2 15b7/4+/a+bx?*
4 1/4
2a%%e (\/?+\mx2) EELLLE EllipticE[ZAr‘cTan[b X}, 1] -
(\/?+\/FX2)2 a1/4 2

4 1/4
a7/ (5vb c+7a e) (vVa + /b x| # ELlipticF[2 ArcTan| HX], S /
(\/;Jr\/sz) a/ B

(105 b7/4+/a+bx*

Result (type 4, 296 leaves):

1
5040 /Dr@ b2+/a + b x*
a

iVb

-(a+bx*) (336a*f-2b*x> (360 c+7x (45d+40ex+36fx*)) -abx

Va
2
(480c+7x(45d+8x(4e+3fx))))—315a2\/Fdx/a+bx4 Ar‘cTanh[ﬁ} -
Vva+bx?t
4
672a°2+b e |1+
a
96a2/b (5iVb c+7a e x|, -1]

Problem 496: Result unnecessarily involves imaginary or complex numbers.
jx3 (c+dx+ex?+fx?)\/a+bx* dx

Optimal (type 4, 394 leaves, 13 steps):
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2adxVa+bx* aex?va+bx* 2afx’*+Va+bx* 2a2fxva+bx?
- +

21b 16b 45b 1532 (Va /b x| :
lac 3ex) (a+b 4)3/2 aZeAr‘cTanh[—\&]
1 c+3ex?) (a+bx Jarh 5
— x> (9d+7fx?)Ja+bx* -
63 ( ’ ) ’ i 24 b 16 b3/2 "
4 1/4
! 2a%4f (\/?+Wx2) __avbxd Ellip'cicE[ZAr‘cTan[b X], l} -
15 b”“W \ (\/?+\/Fx2)2 al/4 2
a+bx?* bl/4x ., 1
a’/* (5x/?d+7\/?f) (\/?+\/Fx2) ———————— EllipticF[2ArcTan]| 1, =] /
\ (\/?+\/Fx2)2 al/4 2
(105 b7/4+/a+bx*
Result (type 4, 275leaves):
1
5040 F b2 A TE R
\/?
i Vb Vb (a+bx4) (1@bx4 (84c+x (72d+7x <9e+8-Fx))) +a (840c+
Va
2
x (486d+7x (45e+32fx)))) -315a%e+/a+bx* Ar‘cTanh{&] -
va+bx?*
4
672a°2f |1+
a
96a (5ib d+7+/a f| x|, -1]

Problem 497: Result unnecessarily involves imaginary or complex numbers.

sz (c+dx+ex2+fx3) AJa+bx* dx

Optimal (type 4, 369 leaves, 12 steps):
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/ 2 2 4/ 4 / 4
2aexva+bxt afx*va+bxt = 2acxva+bx +ix3(7c+5ex2)\/m+
21b 16b SW(\/?M/sz) 35
39 azfArcTanh[M]
(4d+3fx2) (a+bx*)* Jarbxt 1
24b 16 b3/2 5b34+/a+bx*
4 1/4
235/4C(\/?+WX2) EELLLE M Ellipt:‘LcE[ZAr'cTan[b X},1]+
(Va « b )’ avt 2
a+bx? bt/4x. 1
35/4 (21\/3(:75\/;63) (\/?+WX2) - EllipticF[ZAr'cTan[ }, *} /
(Va « Vb )’ a2

(105 b>/4+/a+bx*

Result (type 4, 280 leaves):
1 ivb
1680 Ar@ b*2a+bx* va

a

[W (a+bx*) (5a (56d+x (32e+21fx)) +2bx> (168c+5x (28d+3x (8e+7fx)))) -

b x?
105a2f~/a+bx* Ar‘cTanh[L}
Va+bx?*

3/2 bx* ‘s : :
672a*’“bc |1+ ElllpthE[n Ar‘cSmh[
a

4

+

b x
321‘1a3/2W(211\/Fc+5\/?e) 1+

a

Problem 498: Result unnecessarily involves imaginary or complex numbers.

Jx (c+dx+ex2+fx3) iJa+bx* dx

Optimal (type 4, 354 leaves, 12 steps):
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Zafmerlcxz\/er 2adxVa+bx* .
21b 4 5Vb (\/?+\/Fx2)
acArcTanh[ 22X
b 4\3/2 N 4
Lx3(7d+51cxz) \/a+bx4+e<a+ X) + 20X - !
35 6b 4\/? 5b3/4+a+bx*
4 1/4
2 25/4 ¢ (\/?+\EX2) EELLLE M EllipticE[ZAr‘cTan[b X}, 1] +
(Va « b )’ avt 2
4 1/4
35/4 (21Wd75\/?f) (\/?Jr\/sz) __arbxd EllipticF[ZAr‘cTan[b X}, 1} /
(Va « Vb )’ avt o2

(105 b>/4+/a+bx*

Result (type 4, 266 leaves):

1Vb (a+bx*) (10a (7e+4fx) +bx* (185c+84dx+70ex*+60fx>)) +
\V a
A/ 2
185a+/b c+/a+bx* Ar‘cTanh[ﬁ] +
Va+bx?

b x* i Vb
1682%2/b d |1+ ——— EllipticE[i ArcSinh| ivh x|, -1] +
a Ja

X .
8ia’?(21ib d+5+a f| 1. 2% EllipticF[i ArcSinh| ivh X},—l]/

g Vs
420 ig b+ a+bx?

Problem 499: Result unnecessarily involves imaginary or complex numbers.

J(c+dx+ex2+fx3) iJa+bx* dx

Optimal (type 4, 331 leaves, 11 steps):
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1 2 \V b x4 1
—dx?+Ja+bx* + aexvarbdx +—x(5c+3ex2)\/a+bx4+
4

5B (Va b ) 15

3 adAr‘cTanh[Lb < ]
f(a+bx*)¥ Jarbxt 1
N _
6D 4+/b 5b34+/a+bx*
4 1/4
2a°%e (\/?+\mx2) _arbx® EllipticE[ZAr‘cTan[ X , 1 + !
(\/?m/FXZ)Z at/t =27 15p¥afaibxt
a+bx* bl/4 x 1
a4 (5+/b c+3+ae] (Va +Vb x?] |~ EllipticF[2ArcTan| ], =]
(\E+Wx2)2 al/* 2
Result (type 4, 257 leaves):
iV <a+bx4) (10a-F+bx (20c+x (15d+2x <6e+5fx)))) +
Va
2
15a+/b d+/a+bx* ArcTanh[@] "
Va+bx?*

b x4 i Vb
243%2\b e |1+ X EllipticE[i ArcSinh| b x|, -1] -
a JVa

SaW(Sj\/FCJrB\Ee) 1+

ib
60 by a+bx*
V ve

EllipticF[i ArcSinh|

b x* ivVb
a \/?

Problem 500: Result unnecessarily involves imaginary or complex numbers.

dx

J(c+dx+ex2+fx3) Va+bxt

X

Optimal (type 4, 345leaves, 14 steps):
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/ 4
2afxva+bx +l(2c+ex2)\/m+ix<5d+3fx2)\/m+
5b (Va «Vb x2) 4 15
aeArcTanh[ X Newwvy
asbx 71\/?cAr'cTanh[ arbx ] - !
4b 2 Va 5b3/4+/a+bx*
4 1/4
2354 f (\/?+\EX2) _arbx® EllipticE[ZAr‘cTan[b X}, 1 + !
(\/?m/FXZ)Z at/t =27 15p¥afaibxt

3/4 2 a+bX4 i i b1/4x !

a (5Wd+3\5f) (ﬁ+ﬁx) (W = )2 EllipticF[2 ArcTan] ” ;}
a +vb x? a

Result (type 4, 280 leaves):

1vb b x2
iV 15ae+/a+bx* Ar‘cTanh[&]+\/F
Va Va+bx?

((a+bx4) (30c+x (20d+3x (S5e+4fx))) —39\/?CWAr'cTanh[va:ﬁbx4]

a
b x* i vVb
242%%F |1+ E1lipticE[i ArcSinh[ | - x|, -1] -
a Va

. .
8a(51’1x/?d+3\/?f) 1. 2% EllipticF[i ArcSinh| ivb x],—l]/

a \/?
60 iVb Vb AJa+bx*
\ Va

Problem 501: Result unnecessarily involves imaginary or complex numbers.

] :

dx

J(c+dx+exz+fx3) Va+bx?

x2

Optimal (type 4, 341 leaves, 14 steps):
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z 3c-ex? b x*
27/b cxva+bxt (3¢ ‘EX)Vﬁ+E(2d+{x2)\/m+

Va b % 3 x
a-FAr‘cTanh[M .
Jasb x4 1 A/ b 1
atox - =+/a dArcTanh| arox ] -
4/b 2 Va \Va+bx*
b 4 b1/4 1 1
234 pt4 ¢ ('\E+'\/FX2) _anhx EllipticE[ZAr‘cTan[ X], 1y
(Voo ) a2 ypua o
b x4 pl/4 1
2t (33/b c++a e] (Va b x| | —"—— EllipticF[2ArcTan[~—>], =]
(Va « Vb x2) at 2
Result (type 4, 355leaves):
, 3a-FAr‘cTanh[M} .
d f 1 +b x4 3/ b
[c+ex+ X NJa+rbxt o+ = bx —3\/?dArcTanh[u]+
2 x 3 4 6 2D Va

Vb Ja+rbxt | -

EllipticF Ar‘c51nh

\/7

4]'1ae\/1 1\ﬁx2 \/1 \ﬁ E111pt1cF[ Ar‘cSinh[ b x},—l]/
Va Va

Vb rJa+bx*

Problem 502: Result unnecessarily involves imaginary or complex numbers.

dx

J(c+dx+ex2+Fx3) Va+bxt

x3

Optimal (type 4, 342leaves, 14 steps):
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2/b dx+/a+bx* (c—exz) va+bx4 (Bd—fxz)\/a+bx4

- +

Va ++/b x2 2 x? 3x
2 . z
lVFcAr‘cTanh[@]—l\/?eAr‘cTanh[ a+bx ] - 1
2 Va+bx* 2 Va Va+bx*
4 1/4
2at%b%d (\/?waxz) oAb EllipticE[ZAr‘cTan[b X], l} . N
(Va Vo)’ a¥t 20 3pte/arbxt
a+bx?* h1/4 x 1
al/4 (3\5d+\/?f) (\/?+\/sz) EllipticF |2 ArcTan| ], =]
(€+\/Fx2)2 al/4 2
Result (type 4, 296 leaves):
j\/\f <a+bx4) (—3c+x(—6d+3ex+2fx2>)+
a
/ 2 A/ 4
33/b cx?qfasbx Ar‘cTanh[&} ‘3\/?eX2\/a+bx4 Ar‘cTanh[aJr?bX} +
a+bx* a

b x* Vb
12+/a Vb dx® |1+ — EllipticE[i ArcSinh] ivh x|, -1] -
a JVa

4 .
4:iva [-3iVb d+/a f) X2 1+ 2% Ellipticr|i Arcsinn| lﬁ x|, -1] /
a a

1+b
ivb x>+/a+bx*

Va

Problem 503: Result unnecessarily involves imaginary or complex numbers.
(c+dx+ex?+fx3) Va+bx?

J dx
x4

Optimal (type 4, 357 leaves, 15steps):
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- - +

2eJa+bx* 2+vbexVa+bx* (c-3ex?)Va+bx* (d-fx?) Va+bx?
+

X Va +/b x2 3x3 2x2
1 b x? 1 \V b x* 1
—\/FdAr‘cTanh[g] - =+/a fArcTanh| 22X ] -
2 Va+bx? 2 Va Va+bx?
b a 1/4 1 1
2214 b1 e (V3 + Vb x| A EllipticE[2ArcTan| ], T+
(Vo /o ) a2 e aipxe
b 4 b1/4 1
pl/4 (\/Fc+3\/?e) (\/;Jr\/FXZ) arbx ; EllipticF[zAr‘cTan[ 1/4)(], *}
(\/?+\/Fx2) a 2

Result (type 4, 295 leaves):

ivb
Va
2 N z

3+/b dx3+/a+bx* Ar‘cTanh[&} +3+/a £x3+/a+bx? Ar‘cTanh[aJr—bX}

Vaibxt a

. .
12+/a /b ex? 1. 2% EllipticE[i ArcSinh] ivh x|, -1] -
a JVa
. .
4\/F(j\mc+3\/?e) x3 1+bX EllipticF[JlAr‘cSinh[ b X],*l] /
a Va
ivb x>+/a+bx*

Va

(a+bx4> (2c+3x (d+2ex—-Fx2)> -

+

Problem 504: Result unnecessarily involves imaginary or complex numbers.

dx

J<c+dx+ex2+fx3> Va+bx*

x>

Optimal (type 4, 329leaves, 13 steps):
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1 (3 4d 6 12 f 2vVb fx+ b x*
-— —c+—+—e+ \Ja+bx* + Vb fxva+bx +
12 (x4 x> x? X Va ++Vb x2
1 Jb 2 bcAr‘cTanh[@} 1
= /b eArcTanh| ] - Ja -
2 Vva+bx* 4~/a Vva+bx*
b x4 bl/4 1 1
2al/4pl/4f (\/?+\/sz) _anex EllipticE[2ArcTan| X], ey
(V3 B <) S N T
b 4 b1/4 1
bl/4 (Wd+3\5f) (\EJr\/FXZ) arox ; EllipticF[2ArcTan| 1/4)(], =]
('\/?‘F'\/FXZ) a 2
Result (type 4, 267 leaves):
1
12
AJa+bx?
Va+bx* (3c+4dx+6x? (e+2fx)) Vb x2 3b c ArcTanh | NS ]

- +6\/FeAr‘cTanh[ |- _

x* Vaibxt Va

24ja\/ﬂ leH’X" EllipticE[i Arcsinh[ | 22 x], -1]
Va a Va 1

Va+bx* Va+bx*
i Vb b x* i /b
gva |- (Vb d-3iva f] |1+ X EllipticF[i ArcSinh| | - x|, -1]
Va a Va

Problem 505: Result unnecessarily involves imaginary or complex numbers.

dx
6

J(c+dx+exz+fx3> Va+bx?

X

Optimal (type 4, 360 leaves, 14 steps):
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1 (12c 15d 20e 30f

-— + + +

m 2bcvVa+bx* 2b¥2cxVa+bx?
a+bx* - + +

60 | x° x4 x3 x2 5ax 53 (\/;J,\/sz)
1 Jb x2 bdAr‘cTanh[@} 1
—\/F-FAr‘cTanh[ ] - Va -
2 va+bx* 4-/a 5a3%+a+bx?*
b x* bl/4 1 1
2b%% ¢ (\/a_+\/Fx2> arox EllipticE[ZAr‘cTan[ X}, =1+
(V3 /B ) T T Tl
b a4 b1/4 1

b3/4 (3\/Fc+5\ge) (\/?Jr\/sz) ek EllipticF[ZAr‘cTan[ X], f}

(\/?+Wx2)2 at/t 2
Result (type 4, 314 leaves):

1
60 a ﬂj@ x5 a+bx?
a

ivb
JVa

2 4
WAPCTanh[&]+15\/§bdx5\/mArcTanh[@] N

Varbx® a

[(a+bx4) (12ac+24bcx*+5ax (3d+4ex+6fx?)) ~30a+/b fx°

4

b x
1+
a

24+/a b¥?cx’

EllipticE|i ArcSinh|

ij/gb(—BjWCJrS\/?e) x>

a

Problem 506: Result unnecessarily involves imaginary or complex numbers.

dx

7

J(c+dx+ex2+fx3) va+bx*

X

Optimal (type 4, 352 leaves, 12 steps):
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1 10 12d 15 20 f bc b x*
-— C+ + e+ \/a+bX4—ca7+X—
60 | x° x> x4 x3 6ax?
A a+b x4
2bdarbx® 2b¥2dx\/arbxd DeArcTanh[ 2] 1
N _ _
5ax 5a(x/?+x/?x2) 4~/a 5a34+/a+bx*
a+bx* bl4x, 1 1
2b%4d (\/?Jr\/sz) LS SN EllipticE[2ArcTan]| 1, =]+
Vo %) N N T

b1/4 X 1

4
b3/4 (3\/3(“5\5{) (\/;M/gxz) (aJ’bX)z EllipticF[2ArcTan| T )5 ;}
Va +/b x2 ?

Result (type 4, 277 leaves):
ivb

(a+bx4) (10ac+2bx4 (5c+12dx) +ax(12d+5x (3e+4fx))) +

Va
A/ b 4
15/a bex®~/a+bx* Ar‘cTanh[L] +
a

b x*
1+

Problem 507: Result unnecessarily involves imaginary or complex numbers.

dx

J(c+dx+ex2+Fx3) Va+bxt

x8

Optimal (type 4, 375leaves, 13 steps):
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1 (60c 70d 84e 105°f b x* 2bcva+bx* bd+a+bx?
-— + + + +bx* - - -
420 \ x’7 x® x> x4 21ax3 6 a x?
A a+b x4
2be+va+bx* 2b¥2ex+a+bx* b £ ArcTanh | Ja ] 1
+ _ _
5ax 5a(x/?+x/?x2) 4-/a 5a34+/a+bx*
a+bx? bl/4x . 1
2b%%e (\/?Jr\/sz) LS SN EllipticE[2ArcTan]| 1, =] -
(Va + b %)’ att 2
a+bx?* bl/4x . 1
6% (5B c-21va e) (Va + Vb x| | 25— Elliptick[2arcTan[~X], °]| /
(Vo - Vb )’ att 2

[105 a*’4\Ja+bx*

Result (type 4, 283 leaves):
1

420 a L\FE x” \a+bx
a

- ﬂﬁ [<a+bx4) (2bx* (20c+7x (5d+12ex)) +a (60c+7x (186d+3x (4e+5Ffx)))) +
a
/ 4
105+/a bfx’+/a+bx* Ar‘cTanh[LbX] +
Va
. .
168 b¥2ex’ |1+ 2% EllipticE[i ArcSinh| /b, x|, -1] -
a JVa

4 .
8 b3/2 (7511\/Fc+21\/?e) X 12X EllipticF[i ArcSinh] 1\/\/_? x|, -1]
a a

Problem 508: Result unnecessarily involves imaginary or complex numbers.
J(c+dx+ex2+-Fx3) Va+bx?

9

dx
X

Optimal (type 4, 400 leaves, 14 steps):
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1 (105c 120d 140e 168f b x* bcva+bx* 2bd+va+bx?*
-— + + + +bx* - - -
840 x8 x’ x® x° 16 a x* 21ax3
2 \/a+bx?
bevarbx® 2bfvVaibx® 2b¥2fx/arbxd D CArcTanh[EEE]
- + +
6 a x? 5ax Sa(\/?+\/Fx2) 16 a3/

1 b 4 b1/4 1
—————2b%4f (\/?+\/Fx2) _anex EllipticE[ZAr‘cTan[ X}, —] -
5a3/4“/a+bx4 (\/?+\/FX2)2 a1/4 2

b 4 b1/4 1
b>/4 (5\/Fd—21\/?f) (\/?+\/sz) L M EllipticF[2ArcTan| X}, =] /
(Va /B )’ att 2
[105a5/4x/a+bx4
Result (type 4, 293 leaves):
1
168033/2 L\E X84/a+bx4
“a
1 Vb
ib -Va (a+bx*) (bx*(165c+8x (20d+35ex+84fx?)) +a
Va
~/ b 4
(216c+8x (30d+7x (5e+6Fx)))) +105b>cx®+/a+bx* Ar‘cTanh[%] +
a

4

672ab32fx® |1+

Problem 509: Result unnecessarily involves imaginary or complex numbers.
J(c+dx+ex2+-Fx3) Va+bx?

dx

Xle

Optimal (type 4, 425leaves, 15 steps):
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2bcva+bx* bdya+bx* 2be+a+bx?

1 56c 63d 72e 84f

-— + + + +bx* - -
504 | x° x8 x’ x® 45 a x° 16 a x* 21ax?
2 AJa+bx?
bfVarbx® 2b2carbx®  2b52cx/arbxd D dArcTanh[SE]
+ - +
6ax? 15a%x 1522 (Va + Vb 2| 16 a%/2
1 a+bx* Vax 1
2b%% ¢ (\/?+\/sz) LSS EllipticE[2ArcTan| 1, =] -
15a74/a+bxt (Va + b x2)? alt 2
a+bx* bl/4x. 1
b7/4 (7\/FC+5\/a_e) (\/?Jf\/FxZ) - arer EllipticF[2ArcTan| 1, =] /
(\/?+\/FX2)2 a1/4 2

[105 a’’%/a+bx*

Result (type 4, 305leaves):
1

5040 a2 Mr@ x9\a+bxt
a

ivb

—(a+bx4) (—672b2cx8+10a2 <56c+63dx+72ex2+84fx3) +abx?* (224c+

Va
a
15x (21d+8x (4e+7fx))]) +315\/?b2dX9\/mAr‘cTanh[@] g
Va
4
672/a b2cx® |1+
a
96ﬁb2(7ﬁc+5jﬁe)x9 i, -1]

Problem 510: Result unnecessarily involves imaginary or complex numbers.

Jx“ (c+dx+ex2+fx3) (a+bx4>3/2d1x

Optimal (type 4, 476 leaves, 16 steps):
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4a2cxVa+bx* a?dx?va+bx* 4a’lex’+va+bx? 4alexvVa+bx?

- +

+

77b 32b 195 b 65 b2 (Va /b %)
2ax® (117c+77ex?) Va+bx? 7adx2 (a+bx“)3/2+ix5 (13ce11ex?) (a+bx) 72,
3003 48 b 143
3d ArcTanh | (b
f x4 (a+bx4)5/2 (12af—35bdx2) (aerx“)S/2 ° retan [ [obx ] 1
- - +
14 b 420 b? 32 b3/2 65b7/4/a+bx*
4 1/4
43%%%e (\/?+Wx2) _arbxd EllipticE[ZAr‘cTan[b X], 1} -
(\/?+\/Fx2)2 a4 2

2a11/4(65\/Fc+77\/a_e) (\/?+\/Fx2) (\/—a+—3i4)2
a +Vb x?

1/4
EllipticF[zArcTan[b X], 3} /(50@5b7/4x/a+bx4

a1/4 2

Result (type 4, 327 leaves):

1
480480 | Mg b2/a+ b x*
a

ivb
\a

—(a+bx4) (13728a3f—40b3x9 (1092c+11x (91d+84ex+78fx2)) -

a’bx (24960c+11x (1365d+896ex+624-Fx2)) -
2ab’x® (40560 C + 11X (3185d+2809ex+2496fx2))) -

b x?
15015a* /b d+/a+bx* APcTanh[L] -
Va+bx?

4

29568a’2+/b e |1+ EllipticE[i ArcSinh|

a
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Problem 511: Result unnecessarily involves imaginary or complex numbers.

sz’ (c+dx+ex2+-Fx3) (a+bx4>3/2dlx

Optimal (type 4, 452 leaves, 15 steps):
4a2dxVa+bx* a?lex?a+bx* 4a’fx*+a+bx* 4a3fxVa+bx*
- +

+

77b 32b 195 b  es b2 (Va /b x|
2ax® (117d+77fx*) Va+bx* ) aex? (a+bx*)>? L (1344 11652) (asbxd)? s
3003 48 b 143
(6c+5ex?) (a+bx*)®? 2% e ArcTanh| /b XZ ]
a+b x 1
- +
60 b 322 65b7/4~/a+bx*
4 1/4
4334 f (€+Wx2) (a+—bx)2 EllipticE[ZAr‘cTan[b 1/4)(], 1} -
Va +V/b x2 a 2

2all/4 (65\/Fd+77\/?f) (x/?M/FxZ) W_‘—“—;f)z
a +Vb x2

1/4
EllipticF[zArcTan[b X], 3} /(50@5b7/4x/a+bx4

a1/4 2

Result (type 4, 306 leaves):
1

480480 b%2+/a+bx*

b <a+bx4) (56b2x8 (858c+78@dx+715ex2+669fx3) +2abx* (48@48c+5x

(8112d+77x (91e+80fx))) +a? (48048c+x <24960d+77x (195e+128fx)))) -

b x2 i /b b x*
150153 Vb e~/a+bx* Ar‘cTanh[g] caesegiat | VP g g, B
Va+bx? Va a

ivb
Va

(65\/Fd—7711\/?1‘)

EllipticF[i ArcSinh|
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Problem 512: Result unnecessarily involves imaginary or complex numbers.

sz (c+dx+ex2+-Fx3) (a+bx4>3/2dlx

Optimal (type 4, 427 leaves, 14 steps):
4a2exVa+bx* a’?fx*/a+bx* 4a2cxVa+bx*

.
77b 32 1546 (va + b x|

2ax? (77C+459X2>\/m afx? <a+bx4)3/2 1

+

_ +—x* (11c+9ex?) (a+bx4)3/2+
1155 48 b 99
55 a5‘1:Ar‘cTanh[—*L x ]
(6d+5fx2) (a+bx*)* Jarbxt 1
60 b 32 b3/2 15b34~/a+bx*
4 1/4
42%%c (V?M/FXZ) e ElliptiCE[ZA"CTa”[b X}J 1] *
(Va « b x2)’ a2
. a+bx* L. b4 x. 1
2 3%/4 (77\/FC_15\/?e) (\/?+WX2) ———————— EllipticF[2ArcTan| s =] /
(V7 B )’ SR

(1155 b>/4+/a+bx*

Result (type 4, 325leaves):

———Ja+bx* (9a2 (1232d+5x (128e+77fx)) +56 b% x’ (220c+3x (66d+6eex+55fx2)) +
110880 b

2abx? (13552c+3x (3696d+5x (624e+539fx)))) -
a® f ArcTanh|[ x|

a+b x*

32 b3/2

+|41ia%c

EllipticE|i ArcSinh|

4iade /1+bai EllipticF[i ArcSinh[ |+
77 ,My_@ bva+bx*
a

ﬁ }a
x
-
|
=
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Problem 513: Result unnecessarily involves imaginary or complex numbers.

Jx (c+dx+ex2+fx3) (a+bx4)3/2d1x

Optimal (type 4, 409 leaves, 14 steps):
4a2fx+a+bx* 3 \/er 4a2dx+a+bx* 2ax® (77d+45fx?) Va+bx*

+ —acx?

+ +
77b 16 15/b (Va +Vb 22 1155
b 8572 3a% c ArcTanh [ 2]
e (a+bx "
lcx2 <a+bx4)3/2+Lx3 (11d+9£x?) (a+bx4>3/2+ (a+ ) . Jarbxt i
° > 1eb 16b
4 1/4
1 42944 (\/;Jr\/FXZ) _asbxt EllipticE[ZAr‘cTan[b X , 1} .
15072 bxt (Va o b )’ e 2

9/4 2 a+bX4 i i b1/4x 1
2a (77Wd715\5f) (\/?+WX) ﬁ EllipticF[2ArcTan|— =], ;} /
a +vVb x? a

(1155 b>/4+/a+bx*

Result (type 4, 302 leaves):
1

55440 /EJ@ bvax+bx?
a

ivVb
\a

(a+bx4) (72a° (77e+4efx) +14b%*x® (495 C + 4 x (119d+99ex+90fx2)) +

abx? (17325c+16x (847d+9x (77e+65fx)))) +

2
10395 2% /b c[a - bx* ArcTanh[ 2|

+

Vva+bx?
b x* i Vb
14784a°2/b d |1+ E1lipticE[4 ArcSinh| | - x|, -1] +
a Va
b x* i Vb
192ia%% (771 Vb d+15Va f) |1+ EllipticF i ArcSinh[ | - x|, -1]
a Va

Problem 514: Result unnecessarily involves imaginary or complex numbers.

J(c+dx+ex2+fx3) (a+bx4)3/2dlx
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Optimal (type 4, 382leaves, 13 steps):

2 N )
3 \Ja+rbx* + datexvasrbx +iax(15c+7ex2)xla+bx4+ldx2(a+bx4)3/2+
8

—adx?

16 15/b (ﬁ+x/?x2) 105
3a%dArcTanh [ 22X

f b 4\5/2 R
lx(9<:+7ex2) (a+bx*)?? (a+bxt) + LLE :
63 10 b 16 /b 15b34+/a+bx*

4 1/4
439 (\/a_+\/FX2) o axbxd EllipticE[zArcTan[b X}, l] +
(\/?+sz)2 at/+ = 2
4 1/4
2a7% (15vb c+7+/a e| (Va + Vb X Ak EllipticF[ZAr‘cTan[b1/4)(}, o /
a 2

(\/?+\/FX2)2

[105 b34+/a+bx*

Result (type 4, 294 leaves):
1

5040 /Dr@ bvax+bx?
a

ivb
va

(a+bx4) (5@4a2-F+2b2x5 (360c+7x (45d+4@ex+36fx2)) +abx (2160c+

~/ 2
7x (225d+16x (11e+9fx)))) +945a’~/b d+/a+bx* Ar‘cTanh[#]
Va+bx*

b x* i Vb
13442°2+/b e [1+ EllipticE[i ArcSinh| ivh x|, -1] -
a Jva

x* i Vb
EllipticF[i ArcSinh| ivh

2 Va

+

b
192a2\/F(1511\/Fc+7\/a_e) 1+

Problem 515: Result unnecessarily involves imaginary or complex numbers.

3/2
dx

J(c+dx+ex2+fx3) (a+bx4)

X

Optimal (type 4, 403 leaves, 16 steps):
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2 / 1
4a’fxvarbx +ia(8c+3ex2)\/m+iax(15d+7fx2)\/m+
15+b (Va +v/b X2 16 105
S (4c+3ex?) (a+bx4)3/2+lx(9d+7fx2) (a+bx*)?2 4
24 63
3a2eArcTanh| M]
/ a
oot —la”chr‘cTanh[ arhx’ ) _ !
16Vb 2 Va 15b34Va+bx*
4 1/4
4394 f (ﬁ+ﬁx2) _axbx® EllipticE[ZAr‘cTan[b X}, : +
(Va « Vb )’ avt o2
a+bx* bt%x, 1
227 (15 4+ 7+/a f| (Va /b x| ﬁ EllipticF[2ArcTan[ = =], ;]
Va +V/b x2 a

(1@5 b34+/a+bx*

Result (type 4, 319leaves):

i\/aerx“

5040
(1@bx4(84c+x(72d+7x(9e+8fx)>)+a(3360c+x(2160d+7x(225e+176fx))))+
3a2eArcTanh| JM]
/ 4
arbx! —la”chr‘cTanh[—aerX |+ 4ia*f
16 Vb 2 Va

EllipticE[i ArcSinh|

4ia?d [1+°% EllipticF[iArcsinh| |*

7 [ e
Va

ﬁ }a
X
-
|
=

Problem 516: Result unnecessarily involves imaginary or complex numbers.

(c+dx+ex?+fx3) (a+bx4)3/2
J dx

x2

Optimal (type 4, 404 leaves, 16 steps):
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/ 4
12a+/b cxa+bx +ix(5ae+21bcx2)ﬂa+bx4+
5(\/?+\/Fx2) 35

7c¢C- 2 b 4\ 3/2
R B R (TS LESRPRILER

16 7 X 24
B»azw‘:Ar‘cTanh{M
Jarb x* 1 Vva+bx* 1
2rbx f*a3/2dAr‘cTanh[ arbx ]—
16 /b 2 \a 5va+bx*
a+bx? b4 x ., 1 1
12 a4 b4 ¢ (\/a_+\/Fx2> _arer EllipticE[ZAr‘cTan[ }, =
Voo ) R R Tl
a+bx?* bl/4x ., 1
2 3°/4 (21\/FC+5\/?G) (\E+\/FX2) S M— EllipticF[ZAr‘cTan[ , f]
(\/?+\/Fx2)2 at/t 2
Result (type 4, 328 leaves):
\/74 [Zd c 3ex 5fx? cx? dx* ex® fx® )
a+bx* |la|—-—+ + + + + + +
3 X 7 16 5 6 7 8
3a2fAr‘cTanh[M]
Jarbxd 1 Vva+bx* b x4
2:bx —faS/szr‘cTanh[Jri]+ 12iabc [1+
16/b 2 Va a
1V b 1\ b
EllipticE|i ArcSinh| ivh x|, -1] - EllipticF[i ArcSinh| ivh x|, -1] /
Va Va
4ia’e |1+2¢ EllipticF[i ArcSinh[ [ 2o -1
VB iale v 22 ipticF[i ArcSinh| o x|, -1]
5 a+bx* | -
Ve i
7 | aibxt

Va

Problem 517: Result unnecessarily involves imaginary or complex numbers.

3/2
) dx

3

J<c+dx+ex2+fx3> (a+bx4
X

Optimal (type 4, 406 leaves, 16 steps):
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/ 4
12a+/b dx+a+bx +l(2ae+3bcx2)w/a+bx4+
5(\/?+\/Fx2) 4
(7d-fx?) (aerx“)E‘/2

3c- 2 b 4\3/2
ix(Sa-F+21bdx2)x/a+bx4—( c-ex?) (arbx’) - +
7 X

35 6 x>
3 b x? 1 Va+bx* 1
fa\/FcAr‘cTanh[L] - —a’2eArcTanh| - |-
4 “Ja+bx? 2 Va 5+va+bx*
b x* bl/4 1 1
12 a°/4bt/4d (\/a_+\/Fx2> T S EllipticE[ZAr‘cTan[ X}, f] +
(Va5 %) R R Tl
b x4 pl/4 1
2a%* (2146 d+5+a f) (Va +V/b x| arox E1lipticF[2ArcTan|——— ], =]
(\/?Jr\/FXZ)Z al/4 2
Result (type 4, 326 leaves):
1 ivVb
, a
420 ﬂxzx/a+bx4 Va

Va

[(a+bx4) (—210ac+bx4 <105c+84dx+7eex2+6efx3) +20ax (—21d+x (14e+9fx))) +

+

\/b 2 ~/ b 4
315a+/b cx?+/a+bx* Ar‘cTanh[ix] -210a%%2ex?+/a+bx* Ar‘cTanh[u}
Vva+bx? a

b x* i /b
100822/ dx? |1+ - EllipticE[i ArcSinh| ivh x|, -1] -
a Ja
b x* i /b
48122 (-21ib d+5Va F)x2 |14 X EllipticF[i ArcSinh| ivh x|, -1]
a Va

Problem 518: Result unnecessarily involves imaginary or complex numbers.

dx

J<c+dx+ex2+fx3> (aerx“)”2

x4

Optimal (type 4, 408 leaves, 16 steps):
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12a+/b exVa+bx* 2(%9ae-5bcx?)Va+bx?

- +

5(\5+\/Fx2) 15x
5c-3ex? bx*)3?  (3d-fx? b x4)3/?
E(Zaf+3bdx2)x/a+bx4—< c-3ex?) (arbxi) —< x?) (arbx}) +
4 15 x3 6 x2
2 L/ e
ia\/FdAr‘cTanh{&]—la3/21“Ar*cTanh[ arbx }—
4 “Ja+bx? 2 Va 5+va+bx*
4 1/4
12 a°/4bl%e (\/a_+\/Fx2> a+bx EllipticE[ZAr‘cTan[b X}, l] +;
(Va5 ) a2 15aibn
4 1/4
2 a3/4 pl/4 (5\/Fc+9\5e) (\E+\/FX2) arbx Ellip‘cicF[ZAr‘cTan[b X B l]
(\/?Jr\/sz)z at/* 2
Result (type 4, 327 leaves):
1
60 | 1Y x3/aibx?
\a
ivb (a+bx4> (—10a(2c+x(3d+6ex—4fx2))+bx4 (20c+x<15d+2x(6e+5fx))>)+
Va
2 Y/ Z
45a+b dx3+/a+bx* Ar‘cTanh[@] ~30a¥2fx3+/a+bx* Ar‘cTanh[be} +
Va+bx? V?
a ,
1442725 ex? |1+ 2% EllipticE[i ArcSinh| ivh x|, -1] -
a \/?

a .
16avb (5:Vb ci9vae|x® |1+ DX EllipticF[i Arcsinh| 1\/\/_F x|, -1]
a a

Problem 519: Result unnecessarily involves imaginary or complex numbers.

3/2
dx

J<C+dx+exz+fx3> (a+bx4)
5

X

Optimal (type 4, 386 leaves, 15 steps):
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12a+/b fxva+bx* 3
=
5(\/?+\/Fx2) 4

ibx(5d+91=x2>x/a+bx4 S

b (c+ex2> Ja+rbx* +

3c 4d 6e 12f

(a+bx4>3/2+

2225,
15 12 (x4 x3 x2 X
3 b x? 3 b x* 1
_aWeArcTanh[g] - —\/?bcAr‘cTanh[m] -
4 \Va+bx? 4 \/? 5+va+bx*
by pl/a 1 1
12 a5/4 pl/4 £ <ﬁ+\mx2> arox EllipticE[ZAr‘cTan[ . s —] t
(\/;Jr\/yxz)z at/4 2 15+va+bx*
b 4 1/4 1

5 33/4 pl/a (5\/?(“9\/;{) (\/;H/sz) _oarbexn EllipticF[2ArcTan| x], L

WL ST

Result (type 4, 329 leaves):

ivb
\a

2 ~/ 4
453\/FEX4WAr‘cTanh[@] ‘45\/?bcx4\/mAr‘cTanh[a+7bx] +

Vaibr a

—(a+bx4) (Sa (3c+4dx+6x2 (e+2fx)) -bx* (30c+x (20d+3x (5e+4fx)))) +

4

b x
1+
da

144 2%2 /b fx* EllipticE[i ArcSinh]|

16ax/?(5jm/?d+9\/?+) x4

a

Problem 520: Result unnecessarily involves imaginary or complex numbers.

dx

J<c+dx+eX2+FX3> (a+bx4)3/2

X6

Optimal (type 4, 387 leaves, 15 steps):
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12b%2cxvarbx® 2b(9c-5ext) Varbx*

+

5(\/?+Wx2) 15 x
3 1 (12 15d 20 30f
=b (d+fx*)Jarbx? - — <. L Pe (a+bx4)3/2+
4 0l x* x2 3 X
3 b x? 3 b x4 1
—aWFAr‘cTanh[L] 7—\/?bdAr'cTanh[m] -
4 Va+bx? 4 Va 5va+bx*
b x4 pl/4 1 1
12 a4 p5/4 ¢ (\E+\/Fx2> _arbxr ElliptiCE[ZAr‘cTan{ XL _] R S
(Va +b x| al’* " 27 q54/aibxt

a+bx* bl/4 x 1]

2al/4p3/4 (9\/Fc+5\/?e) (\/?+Wx2) ( )2 EllipticF[2ArcTan| ”
Va +vb x? a

N

Result (type 4, 331 leaves):

ivb
JVa

Vb x2 Y, b x*
45a+b fx>+/a+bx? Ar‘cTanh[ix] +45+/a bdx’+/a+bx* Ar‘cTanh[u] +
Va+bx? A/ a

[(a+bx4) (12ac+84bcx4+5ax (3d+4ex+6fx2) -5bx® (6d+x (4e+3fx))> -

4

144 /a b3'2cx®

1+ EllipticE[i ArcSinh|

a

161’1\/?b(—9j1\/3c+5\/?e) x>

a

Problem 521: Result unnecessarily involves imaginary or complex numbers.

3/2
) dx

J(c+dx+exz+fx3) (a+bx4
7

X

Optimal (type 4, 392 leaves, 15 steps):
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12b3/2dxa+bx* b(2c—3ex2>‘\/a+bx4

5 (\/?+Wx2) 4x?
2b (9d-5fx?) Va+bx* 1 (10c 12d 15e 20f 372
- — + + + (a+bx) +
15 x 60 | x° x° x4 x3
1 b x? 3 Va+bx?* 1
—b3/2cArcTanh[g} - —\/?beAr'cTanh[ ToX |-
2 Ja+bx? 4 Va 5va+bx*
a b 4 1/4 1 1
12 al/4p5/4d (\/?+\/Fx2) _axex EllipticE |2 ArcTan| X}, e —
(Va +Vb %) al® " 2" g54aibxt
b 4 b1/4 1
2at/4 b3/ (9\/Fd+5\/a_-F) (\/?+\/Fx2) arox EllipticF[2ArcTan| X], =]
(Va + b )’ att 2
Result (type 4, 331 leaves):
1 ivb
Va
60 | LY x6+/31bx?

[(a+bx4) (2bx* (20c+x (42d-5x (3e+2fx))) +a (1@c+x (12d+5x (3e+4fx)))) -

Vb x? W/ b x4
30b32cx®+/a+bx? ArcTanh[—X} +45+/a bex®+/a+bx* Ar‘cTanh[u} +
Va+bxt A/ a

4

144+/a b32dx5 |1+

EllipticE[i ArcSinh|
a

161'1\Eb(—911\md+5\5f) X6

a

Problem 522: Result unnecessarily involves imaginary or complex numbers.

3/2
) dx

J(c+dx+ex2+-Fx3) (a+bx4

x8

Optimal (type 4, 412 leaves, 16 steps):
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12be/a+bx* 12b32ex+/a+bx* 2b(5c—21ex2)\/a+bx4

. _
5 X 5(\E+\/Fx2) 35 x3
b(2d-3fx?) Va+bx* 1 (60c 70d 84e 105f A\ 3/2
- — + + + (a+bx ) +
4 x? 420 | x7 x® x° x4
1 b x? 3 Va+bx? 1
—b3/2dArcTanh[g} - —\/?b-FAr'cTanh[ ToX |-
2 Va+bx* 4 Va 5+va+bx*
a+bx? bl/4 1 1
12al4p/4e (\/?+\/Fx2) _axex EllipticE |2 ArcTan| X}, =]+
Va b ) ait 72 g aveaipxe
b 4 b1/4 1
2b°/4 (5\/Fc+21\/a_e) (\/?Jf\/sz) arox ; EllipticF[2ArcTan| 1/4)(], =]
([Va - Vb %) att 2
Result (type 4, 330leaves):
1 ivb
, Va
420 | 5 Aot

Va

[(a+bx4) (2bx* (90 c+7x (20d+3x (14e-5fx))) +a (60c+7x (10d+3x (4e+5Ffx)))) -

Vb x? \/ b x*
210b32dx’ v/a+bx* Ar‘cTanh[gx] +315+/a bfx’+/a+bx* Ar‘cTanh[u} +
Va+bxt A/ a

4

EllipticE[i ArcSinh|

1008 v/a b*2ex’ |1+

a

4

1+

48 b3/? (Sjﬁuzlx/?e) x’

a

Problem 523: Result unnecessarily involves imaginary or complex numbers.

3/2
) dx

9

J(c+dx+ex2+-Fx3) (a+bx4

X

Optimal (type 4, 377 leaves, 14 steps):
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1 105 160d 280 672
-— ¢ + + € + Ja+bx* +
560 x4 x3 X2 X
12b32fx~a+bx* 1 (105c 120d 140e 168f 21372
- — + + + ) (a+bx ) +
5 (\/a_+\/Fx2) 840 | x8 x7 x6 x>
1 Jb 2 3 b2 c ArcTanh| @} 1
~ b2 eArcTanh]| |- Ja -
2 Va+bx? 16+/a 5+a+bx?
a+bx* bl4x. 1
12 at/4 b%/4 (\/?+\mx2) +—2 EllipticE[ZAr‘cTan[ ol
(\/?+\/sz) a 2
54 5 a+bx* L
2654 (5+/b d+21+/a f] (Va +Vb x?] |~ EllipticF[2ArcTan]
(\/?Jr\mxz)
Result (type 4, 309 leaves):
1
1680 x8

1
35al/4+/a+bx?
b1/4X 1
al/4 s ;]

\Ja+bx* (bx4 (525c+16x (45d+70ex+147fx2)) +a (210c+8x (3ed+7x (5e+6fx)))) +

3b2 c ArcTanh| @}

1 b x?
= b2 e ArcTanh| Vb |- Va
2 Vva+bx* 16+va

12]1a\/5£ be1+M EllipticE[i Arcsinh[ | 22 x|, -1]
Ja a Ve

a

5va+bx?*

4

1+

4p3/2 (Sjﬁdﬂlx/?f)

EllipticF[i ArcSinh]
a

Problem 524: Result unnecessarily involves imaginary or complex numbers.

(c+dx+ex2+-Fx3> (aerx“)S/2
J dx

Xl@

Optimal (type 4, 405 leaves, 15steps):
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b(224c 315d  480e

840 f / 4
s * X4 + X3 + Xz) a+bx 74b2cva+bx4
1680 15ax

4b%2cxa+bx* 1

X

+

56c 63d 72e 84f o302
= + n + (a+bx ) +
15a (\/?+Wx2) 504 | x° x? x’ x°
1 Jb X2 3b2dAr‘cTanh[@} 1
= b2 f ArcTanh| |- Yo
2 Va+bx* 16Va 15a¥*Va+bx*
a+bx?* b x, 1
46%*c (Va +v/b x| | —————— EllipticE[2ArcTan| b ol
(Va +Vb x| a2

a+bxt ) ] bl/4 x 1
2 p7/4 (7Wc+15\/;e) (\/;+WX2> _— E111pt1cF[2Ar‘cTan[ }, *] /
(Va + b )’ a2

[195 a¥*+/a+bx*

Result (type 4, 351 leaves):
1

5040 a Mﬂ x*Varbxt
a

ivb
\a

[(a+bx4) (1344b2cx8+10a2 (56c+63dx+72ex2+84fx3> +

abx* (1232c+15x (105d+16x (9e+14fx)))) -2520ab¥2fx’+/a+bx*

Vb x2 \ b x4
Ar‘cTanh[ix} +945+/a b2dx®+/a+bx* Ar‘cTanh[u] +
Vva+bx* a

4
1+

1344+/a b%2cx®

Problem 525: Result unnecessarily involves imaginary or complex numbers.

) 3/2

dx

J(c+dx+ex2+fx3) (a+bx4
11

X

Optimal (type 4, 399 leaves, 13 steps):
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b(lssc 224d  315e

480 F\ [ oA
W e T e T Xa) a+bx'  p2c/aibx* 4b2darbx* 4b2dx+/a:bx?
- +

1680 10 a x? 15ax 152 (ﬁ+ﬁxz)
(B2e, 2med, dmse 30 (o, pye)302 3b2eArcTanh[%] )
2520 16+/a 15a%/4+/a+bx*
b 4 b1/4 1
4b%4d (\/?+\/sz) _arex EllipticE[2ArcTan]| X}, =]+
(\/?H/sz)z at/t = 2

a+bx? . bt4x, 1
2 b7/4 (7«/b d+15+/a f) (\/a +/b xz) ﬁ EllipticF[2 ArcTan| 14 [~ /
Va +/b x? a 2

[105 a*¥%/a+bx*

Result (type 4, 314 leaves):
1

5040 a % x/a1bxt
a

ivb
Va

(a+bx*) (168b*x® (3c+8dx) +a* (564c+10x (56d+9x (7e+8Fx))) +

abx* (1008c+x (1232d + 45 x <35e+48-Fx)))) +

~/ b 4
945+/a b2ex®+/a+bx* Ar‘cTanh[u] +
Va

4

1344+/a b*/2dx*® |1+

EllipticE[i ArcSinh|
a

192 i /a b2 (_711\/Fd+15\/?f) x10

a

Problem 526: Result unnecessarily involves imaginary or complex numbers.

)3/2

dx

J(c+dx+ex2+fx3) (a+bx4
12

X

Optimal (type 4, 424 leaves, 14 steps):
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b ( 1440 c 1848d 2464 e 3465 f

7 s o T e )va+bx4 4b2c~a+bx* b2 dva+bx* 4blea+bxt

X X

+

18480 77 ax3 10 a x2 15ax
d £ 32 2 Jasbxt
4b52 e x/asbxt (% 3)9(160 ‘“L%Jr“isg ) (a+bx*) /2 3b%fArcTanh| e ]
15a (\/?+Wx2) 3960 16a
a b 4 b1/4 1
4p°%e (\/?+Wx2) _anhx EllipticE[2ArcTan| X , = -
15a34/a+bx* (vaw@z al/t = 2

a+bx* . b**x, 1
5 b/ (15\/FC_77\/?e) (\/;+WX2) ———————— EllipticF[2ArcTan| 1, =] /
(Va VB e’ 2

(1155 a*’%+/a+bx*
Result (type 4, 317 leaves):

1 ivb

55440 a —J@ X1 \Vaxbxt Va

[(a+bx4) (24b2x8 (120c+77x (3d+8ex)) +abx* (9360c+77x (144d+176ex+225fx2)> +

14 a2 (360c+11x (36d+5x (8e+9fx)))) +

Vva+bx?*
10395 a b2fx+/a+bx Ar‘cTanh[Jri} +
a

4

14784+/a b?2ex*t |1+

EllipticE[i ArcSinh|
a

192 b5/2 (_151\/Fc+77\/?e) X1

a

Problem 527: Result unnecessarily involves imaginary or complex numbers.

3/2

(c+dx+ex2+fx3) (a+bx4)
J dx

X13

Optimal (type 4, 449 leaves, 15 steps):
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1155¢ | 1440d | 1848e 2464 f Z
b( 0 o s T s )\/a+bx b2c~/a+bx?

18480 32ax?
4b>d+/a+bx* b?e+a+bx* 4b2fa+bx* 4b/2fx~a+bx*
_ _ . -
77 a x3 10 a x2 15ax 15a(\/?+\/gx2)
+b x4
(1e5c, 1md  ss8e  z0t) (5 302 b3cArcTanh[%] .
. _
1980 32 a3/2 15a3%/a+bx*
a+b 4 b1/4 1
4p* £ (Va + b X X EllipticE[2ArcTan[~——], =] -
(\/?+Wx2)2 at/¢ = 2
a b 4 b1/4 1
26%4 (1546 d-77a f| (Va +\/b x| A EllipticF[2ArcTan[~—], ~] /
(\/?-%—\/FXZ)Z al/t =2

(1155 a*’*+\/a+bx*

Result (type 4, 328 leaves):
1

110880 a3/2 E\/@ x12+/a+bx4
a

ivb
\a

-Va (a+bx*) (56a% (165c+2x (90d+99ex+110fx?)) +3b?x® (1155 +

16 X (120d+77x (3e+8-Fx))) +2abx* (8085c+16x (585d+77x (9e+11-Fx))>) +

Va+bx?
3465 b3 c x12+/a+bx* ArcTanh[;} +29568 a b®/2 f x12
Va

EllipticE[i ArcSinh|

x|, -1] -384+/a b*2 (15 /b d+77Va f)
Va

Problem 528: Result unnecessarily involves imaginary or complex numbers.

)3/2

(c+dx+ex2+~Fx3> (a+bx4
J dx

X14

Optimal (type 4, 474 leaves, 16 steps):
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X

b ( 12320 ¢ 15015d 18720e 24024 f
X

5 s T g T e )Va+bx4 4b2cva+bx* b?dva+bx?
240240 195 a x° 32ax*

4b2e+Ja+bx* b2fva+bx* 4b3c/a+bx? 4b7/2cx/a+bx*
- +

77 a x3 10 a x2 65 a2 x 65 a2 (\/?+\/FX2)

(% 715d | 780e m) (a+bx4)3/2 b3dAr‘cTanh[3Za+bX4]

X13 XlZ X11 X10 N A/ a 1

N
8580 32332 65a’/4/a+bx*

bl/4 x 1

4
464 c (Va « b <) — 20X Epyiptice[2ArcTan|

o s ) wrla)

2 plt/4 (77Wc+65\/?e) (\/?+\/Fx2) W_a”—jf)z
a +Vb x?

1/4
Ellip'ticF[ZAr‘cTan[b X], E} /(5005a7/4xla+bx4

a1/4 2

Result (type 4, 339leaves):
1

480480 a2 Mv_@ x3/a+bxt

a

iVvb
a

—(a+bx4) (—29568b3cx12+56a3 (660c+13x (55d+60ex+66fx2)) +

ab®x® (9856 c+39x (385d+16x (40e+77fx))) +
2a’bx* (39800c+13x (2695d+48x (65e+77fx)))) +

~/ b 4
15015+/a b*dx*3+/a+bx* Ar‘cTanh[u} -
a

b x*
1+
a

384+/a b3 (77\/Fc+65]1ﬁe) x13

29568/ a b’/ ¢ x13

EllipticE[i ArcSinh|

b x*
1+
a

EllipticF[i ArcSinh|
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Problem 529: Result unnecessarily involves imaginary or complex numbers.

Jx“ (c+dx+ex2+-Fx3) ;
X

Vva+bx*

Optimal (type 4, 361 leaves, 12 steps):
cxVa+bx* ex?Va+bx* Ffx*Va+bxt 3aexVa+bx*
+ +

3b 5b 6b _5b3/2(\/?+\/FX2)
adArcTanh b ¢
(4af—3bdx2)\/m [\/m 1
_ +
12 b2 432 5b7/4~/a+bx*
4 1/4 1 1
3a¥%e (V3 o B ) | TP enlsprice [2ancTan[ * X, 0] -
Vo e T e
b 4 b1/4 1
L (5Wc+9\5e) (\/?Jr\/gxz) LZ EllipticF[2ArcTan| 1/4)(], =]
(Va - Vb %) 2

Result (type 4, 259 leaves):

ivh ~(a+bx*) (20af-bx (20c+x (15d+2x (6e+5fx)))) -
Va
2
153 b dofasbxt arctann[ 22X |
Va+bxt

b x4 i Vb
36a%2Vb e |1+ X EllipticE[i ArcSinh] iV x|, -1] +
a JVa

a .
4a\/F(511\/Fc+9\/a_e) 1. 2% E1lipticF [i ArcSinh| 1\/\/_F x|, -1] /
a a

i /b
60 ivb b2+/a+bx*

Va

Problem 530: Result unnecessarily involves imaginary or complex numbers.

JXS (c+dx+ex2+fx3) 4
X

Vva+bx?
Optimal (type 4, 336 leaves, 11 steps):
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dxvVa+bx* fx3+Va+bx?* 3afxvVa+bx*
+

— +
3b 5b 5b3/2(\/?+ﬁx2)
aeArcTanh[ 2
(2c+ex?) Va+bx? Jarbxt 1
_ +
4b 4 p3/2 5b7/4+/a+bx*
4 1/4
335/4f(\/;+\mxz> _axbx® EllipticE[ZArcTan[b X}, S !
Vo /e N T Tl
4 1/4
a3/4 (5\/Fd+9\51c) (\/?Jr\/FxZ) _arbxd EllipticF[ZAr‘cTan[b X], 1}
(Va « Vb )’ a2
Result (type 4, 241 leaves):
ivb
Va
2
[\m (a+bx*) (30c+x (20d+3x (5e+4fx)))-15ae+/a+bx* Ar‘cTanh[&} -
Va+bx*

b x4 i Vb
36a3/2F |1+ X EllipticE[J'lAr‘CSinh[ ivh X]: ‘1] +
a Va

. .
4a(5iVb diova f| 14 bx E1lipticF [i ArcSinh| 1\/\_5 x], -1] /
a a

i Vb
60 ivh b*2+/a+bx*

Va

Problem 531: Result unnecessarily involves imaginary or complex numbers.

sz (c+dx+ex2+fx3) 4
X

Vva+bx?
Optimal (type 4, 308 leaves, 10 steps):
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afAr‘cTanh[—\@]
exVa+bx? cxVa+bx* (2d+fx?) Va+bx* [obx
+ + - -
3b \/F(\/?+\/Fx2) 4b 4 b3/2
al’4c (\EJr\/sz) /7(ﬁa:3;)(2)2 EllipticE[ZAr‘cTan[b:l;x], ﬂ .
.
b3/4+a+bx* 6b%4/a+bx*
4 1/4
al/4 (3\/Fc7\/?e) (\/?Jr\/sz) # Ellip‘cicF[ZAr‘cTan[b 1/4)(], l}
(\/?+Wx2) a 2
Result (type 4, 245leaves):
. 2
Vb b (6d+4ex+3fx?) (a+bx*) -3af+/a+bx* Ar‘cTanh[&}] +
Va Va+bxt
4 ,
12va be |1+ 2% Elliptick[iArcsinh| ivh x], 1] +4iva Vb (3iVb c+a e
a \/?

b x* i Vb iVb
145 EllipticF|i ArcSinh| | - x|, -1] / 12 |22 b2 arbxe
a Va \a

Problem 532: Result unnecessarily involves imaginary or complex numbers.

Jx<c+dx+ex2+Fx3> :
X

va+bx*
Optimal (type 4, 299 leaves, 10 steps):

cAr‘cTanh[M}
evaibx fxvVaibd  dxyaibxt Jaoet
+ + + -
2b 3b Vb (\E+\mxz) 2+b
al’4d (\E+\/FX2) —asbx® - EllipticE[2Ar‘cTan[L/tx], l}
(\/?+\/sz) al/t 2 1
.
b4 a s b 665412 s bxt

bl/4 x 1

al/4 (BWd—\/?f) (\/?+Wx2) _arbx EllipticF[2ArcTan| 1> =]
(H_F\/FXZ)Z a1/4 2

Result (type 4, 235leaves):
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. 2
iV <3e+2-Fx) (a+bx4)+3\mcwa+bx4 Ar‘cTanh[&}]+
\/? \a+bx?*
4 .
6+/a Vb d |1+ 2% EllipticE[iArcsinh| 1\7_? x], -1]+2iVa (3iVb d+Va f)
a

a
4 . ,
1+bx EllipticF [i ArcSinh| o x|, -1] / 6 b bya+bx*
: vE vE

Problem 533: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?+fx3
J dx

va+bx*
Optimal (type 4, 276 leaves, 9 steps):

d ArcTanh | (e
fVa+bx* exVva+bx [W]
+ + B
2b Vb (\/?Jr\/sz) 2+/b
1/4 2 __asbx* ipti Lo S
e V75 0] [y el 0
+
b34/a+bxt 2b34a+bx*
b b x4 pbl/4 1
1/4 [Wc ve| [Va + b <) A EllipticF[2ArcTan| ], ~]
. (\/?+WX2)2 al/a 2

Result (type 4, 225leaves):

1vb b x2
i af+bfx*+/b d/a+bx? Ar‘cTanh[g]
a Vva+bx*

2va vbe [1.2F E1lipticE[i ArcSinh | jjf x], 1] -2vb (Vb c+Va e]

a
4 . .
1. 2X EllipticF[i ArcSinh| ivh x|, -1] / 2 ivh b+a+bx?*
a Va Va

+

Problem 534: Result unnecessarily involves imaginary or complex numbers.

c+rdx+ex?+fx3
J dx

xVa+bx*
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Optimal (type 4, 285 leaves, 12 steps):
eAr‘cTanh[M} cAr‘cTanh[@}

fxva+bx* \/a+b x4 Va
N _ _
Vb (\/?+\/Fx2) 2+b 2+/a
al/4 f (\/?+\/Fx2) % EllipticE[ZAr‘cTan[bl/#], ]
(\/;Jr\/FXZ) al/4 2 1
.
b3/4~/a+bx* 2b¥4/a+bx*
b d b x* pl/4 1
al/4 [\/— +F (\/;Jr\/sz) Lz EllipticF[ZAr‘cTan[ 14X], f}
a (\/a_+\/Fx2) at/ 2
Result (type 4, 235leaves):
1
2bvVa+bx*
1V b 1+vb b x2 \ b x*
i i ib vJa+bx? \/a_eAr‘cTanh[g] —\/FcArcTanh{u] +
Va JVa Vva+bx* \a
b x4 1V b
2af |1+ EllipticE|i ArcSinh| ivh x|, -1] -
a \/?
b x* 1+b
2+/a (b d+va ] |1+ EllipticF|iArcSinh| ivh x|, -1]
a \/?

Problem 535: Result unnecessarily involves imaginary or complex numbers.

c+rdx+ex?+fx3
J dx

x2+a+bx*
Optimal (type 4, 309 leaves, 13 steps):
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£ ArcTanh | /o2 Jabxt
cVaibx Vb exvaibxt ee | dancTann[£22 ]

a+b x* a

ax 2 [V b x| ' N N )

bl/4 ¢ (\EJr\/KXZ) a+b x*

> EllipticE [2 ArcTan [ bl/#] ’ l}

(\/?M/sz) al/4 2
N
a¥4a+bx*
4 1/4
(Wmﬁe) (\E+Wx2) _avbxd EllipticF[zArcTan[b X], l] /
(Va « Vb x2)’ a2

(2 a*/4pt4\/a+bx*

Result (type 4, 250 leaves):

e Vaihb f ArcTanh | LLXZ] d ArcTanh| Varbxt ]

a+b x* a
+

ax Vb Va

1
2

1\/—“5 thM EllipticE[i ArcSinh[ [ 2 x], -1]
e a Ve

a

Va+bx?

ivVb b x* ivVb
Vo (—]'].\/FC-%—\/?E‘) 1+ 2% EllipticF[i ArcSinh| b

\/? a

Problem 536: Result unnecessarily involves imaginary or complex numbers.
JC+dX+eX2+'FX3

x3vVa+bx?t

dx

Optimal (type 4, 300 leaves, 11 steps):
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A/ +b x4
_C\/a+bx4 _d\/a+bx4 +\/Fdx Va+bx? _eAr'cTanh[ a\gx ]_
2ax? ax a(\/?+\/FX2) 2+/a
bl/4 g (\/?+\/Fx2) (J?ibﬁz)z EllipticE[ZAr‘cTan[baif:‘], ﬂ
N
a’4+/a+bx*
a+bx* bt/4x . 1
(\/FdJr\/;.F) (\/?Jr\/ﬁxz) —_— EllipticF{ZAr‘cTan[ ], —] /
(\/?+\/Fx2)2 al/t 2

(2 a3/4 b1/4 /a +b X4

Result (type 4, 242 leaves):

_ ]l\/F
\a
b x* .. . . ivb . .
2+/a Vb dx® |1+ E111pt1cE[1Ar‘c51nh[ X],—l]—ZIX/?(—]l\/Fd-#\/?'F)
\ a

b x4 ivb

EllipticF[i ArcSinh]|

g Va

Va+bx?
Va

(c+2dx) (a+bx4)+\/?ex2x/a+bx4 ArcTanh]| ]

+

x|, -1] / 2a ib x2+/a+bx*

Va

x> |1+

Problem 537: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?+fx3
j dx

x*Va+bx*
Optimal (type 4, 323 leaves, 12 steps):

A[a+bx*
7C\/a+bx4 7d\/a+bx4 7e\/a+bx4 +\/Fexx/a+bx4 7-FAr‘cTanh[ Nes ] )
3ax3 2ax? ax a(\/;Jr\/FXz) 2va
bl/4 e (\/?+\/Fx2) —abxt EllipticE[ZAr‘cTan[—bm,x], 2]
(vVa /b %) al/4 2
a¥4a+bx* 6a>4a+bx*

b1/4 X 1

pl/4 (chsﬁe) (\Eﬂmxz) &42 EllipticF[2ArcTan| ” 1, =]
(\/;+\/FX2) al’/ 2

Result (type 4, 249 leaves):
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: z
- ivh (a+bx4> (2c+3x(d+2ex))+3\/?'Fx3\/mAr‘cTanh[@] .
Va I

4 .
6va Vb ex? /1+bx EllipticE[i ArcSinh| 1\/\/_? x],—l]—Z\/F(—i\/Fc+3\/?e)
a a

4 , .
bx EllipticF|i ArcSinh| b x|, -1] / 6a Vb x3Ja+bx*
: vz vz

x> 1+

Problem 538: Result unnecessarily involves imaginary or complex numbers.

dx

Jc+dx+ex2+1‘:x3
x>Va+bxt

Optimal (type 4, 346 leaves, 13 steps):
b cArcTanh| @]

cVa+bx* dva+bx* e+va+bx* Ffia+bx* /b fxVa+bx NeS
_ _ _ _ N N _
4ax* 3ax3 2 a x? ax a(\/?+\/Fx2) 4 33/2

/ +b x4 s s bt/4 1
bl/4 f (\/?+\/Fx2) m E111pt1cE[2Ar‘cTan[aT/:‘], ;} .

a¥/4+a+bx* 6a>’%+a+bx*

a+bx? L b4 x, 1
pl/4 (ﬁ/b d-3+/a -f-‘) («/a ++b xz) —— E111pt1cF[2Ar‘cTan[ ]: 7}
(x/a +4/b xz)2 at/t 2

Result (type 4, 259 leaves):

ivb
Va

bX4 i \/b
12a+/b fx* |1+ EllipticE[i ArcSinh| = x|, -1] -
a Va

4\/?\/F(_]1\/Fd+3\/;f) x* /1+b:4 E1lipticF[i ArcSinh | i\/\/_g x|, -1] /
a

1+vb
12 a3/? —1\/_ x*+/a+bx?
Va

Vva+bx* }]+

“a (a+bx4) (3c+4dx+6x2 (e+2-Fx)) +3bcx*+/a+bx? Ar‘cTanh[
Va
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Problem 539: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?+fx3
J dx

x®+a+bx*
Optimal (type 4, 377 leaves, 14 steps):
7C\/a+bx4 7d\/a+bx4 eva+bx? 7-F\/a+bx4

+

5ax° 4ax* 3ax3 2 a x?
AJa+bx*
3bcvVa+bx* 3b¥2cx+a+bx? bd ArcTanh | Ja ] 1
- + +
5a’x 5 a2 (\/?+Wx2) 4232 5a’74+/a+bx*
b x* bl/4 1 1
3b%4 ¢ (\/;+\mx2) arbx EllipticE[ZAr‘cTan[ X}, =] -
(Vo /B %) a7 20 3pa7eaibxt
a b 4 b1/4 1
p3/4 (9\/Fc+5\/?e) (\/?+Wx2) _oanhx EllipticF[2ArcTan| X], -
(\E+Wx2)2 al/* 2
Result (type 4, 268 leaves):
1+vb
i —(a+bx4) (12ac—36bcx4+5ax<3d+4ex+61:x2))+
Va
A/ b 4
15+va bdx*~/a+bx* Ar‘cTanh[u] -
Va

b x* 1Vb
363 b¥2cx® |1+~ E1lipticE[i ArcSinh| ivh x], 1] +
a Jva
b x4 i Vb
4\/?b(9\/Fc+511\/?e> x> |1+ EllipticF[i ArcSinh]| Vo x|, -1] /
a \/?
1vVb
60 a° b x°+/a+bx?

Va

Problem 540: Result unnecessarily involves imaginary or complex numbers.

st (c+dx+ex2+fx3) 4
X

(a +b X4>3/2

Optimal (type 4, 365Ileaves, 12 steps):
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x (ae+afx-bcx?-bdx®) dva+bx* exVa+bx?

+ + +
2b2+/a+bx? b? 3b?
3afArcTanh|
fx2+a+bx* 3cxVa+bx? [w/a+bx“] 1
+ _ ,
4b? 2b3/2 (\E+\/Fx2) 4b°/2 2b7%a+bx*
a+bx?* bl/4x . 1 1
3al%c (\/a_+\/Fx2) SR SN EllipticE[2ArcTan]| 1, =]+
(Vo /B ) R T Tl
b a4 b1/4 1
al/4 (QchS\Ee) (\/;Jr\/sz) Lz EllipticF[ZAr‘cTan[ 14X], f}
(\/?+\mx2> at/ 2

Result (type 4, 267 leaves):

ib Vb (a(12d+10ex+9fx?) +bx® (-6c+6dx+dex?+3fx3)) -
Va
2
9af+/a+bx? Ar‘cTanh[&] +
\Va+bx4

b x* i /b
18va bec 1+ E1lipticE[i ArcSinh| | - x|, -1] +
a Va

. .
2]1\/;\5(9ixmc+5\/?e) 142X EllipticF[i ArcSinh| lﬁ x|, -1] /
a a

1 b
12 i b%/2+/a+bx*

Va

Problem 541: Result unnecessarily involves imaginary or complex numbers.

dx

st (c+dx+ex2+fx3)

(a +b X4>3/2

Optimal (type 4, 343 leaves, 11 steps):
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x (af-bcx-bdx?*-bex’) e+a+bx* fxVa+bx?
+ +

+

2b2+/a+bx? b2 3b?
cAr‘cTanh[M}
3dX\/a+bX4 \/ a+b x4 1
. _
26%2 (Va + b x?) 232 2074 Ja+bx*
b x* bl/4 1 1
3al%d (\/a_+\/Fx2) L M EllipticE[2ArcTan]| X}, =1+
(Vo /B ) R T Tl
b a4 b1/4 1
al/4 (QWde\Ef) (\/;Jr\/sz) Lz EllipticF[ZAr‘cTan[ 14X], f}
(\/?+\mx2> al/ 2
Result (type 4, 255leaves):
ivb
Va
b 2
a(6e+5fx)+bx* (-3c-3dx+3ex’>+2fx’) +3/b c+/a+bx? Ar‘cTanh[g] +
Va+bxt
b x4 1 Vb
9+va b d |1+ EllipticE[iArcSinh| ivh x|, -1]+iva (9ivb d+5Va f)
a \E

4 . .
1. 2 EllipticF[i ArcSinh| ivh x|, -1] / 6 ivh b>+/a+bx*
a Va Va

Problem 542: Result unnecessarily involves imaginary or complex numbers.

Jx“ (c+dx+ex2+-Fx3) 4
X

(a+bx4>3/2

Optimal (type 4, 314 leaves, 10 steps):
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dAr‘cTanh[M}
X (crdx+ex?+£x3) f/a+bx 3ex+a+bx? Jarbxt
- + + + -
2basbxt 2 2672 (Va b ] 2077
1 b x4 pl/4 1
——3a%%e (\/a_+\/Fx2> _anex EllipticE[2ArcTan| X}, =]+
2b7/4“/a+bx4 (\/?+\/FX2)2 a1/4 2
b 4 b1/4 1
(Wc+3€e) (\/;+sz) — A EllipticF[2ArcTan[——], =] /
('\/?+\/FX2)2 a1/4 2
(4a1/4 b7/4 [a+bx4
Result (type 4, 243 leaves):
/b b x?
ivb 2af+bx (-c-dx-ex?+fx?) +1/b d~/a+bx* Ar‘cTanh[L] +
Ja Va+bxt
b x* 1\ b
3va Vb e |1+ EllipticE[iArcSinh| ivh x], -1] -vb [iVb c+3+/a e]
a Va

4 L .
1+ bx EllipticF[i ArcSinh| 1vh x|, -1] / 2 | b b%+/a+bx*
a Va \a

Problem 543: Result unnecessarily involves imaginary or complex numbers.

JXB (c+dx+ex2+fx3) 4
X

(a+bx4>3/2

Optimal (type 4, 297 leaves, 9 steps):

e ArcTanh [ b x*

c+dx+ex?+fx3 3fxVa+bxt Jarbxt 1
_ N N _
2bvabx® 262 (Va + b X 2b% 2674 \/a+bx*
b x4 pl/4 1
3al/4f (\/;+WX2) _anex EllipticE[2ArcTan| X , <]+
(\EJr\/KXZ)Z al/4 2
b x4 bl/4 1
(Vb d+3+a ) (vVa « /b x| A EllipticF[2ArcTan| ], ~] /
(\/?+\mx2>2 al/4 2

(431/4 b7/4 [a + bX4
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Result (type 4, 224 leaves):

j\/\/_j —\/F(c+x(d+x(e+fx)))+ex/a+bx4 Ar‘cTanh{;/i)il] +

4 .
34a £ |1+ 2% Elliptice[i Arcsinh| IJ_F x], -1] - (i Vb d+3+/a f)
a a

4 .
1. 2 EllipticF[i ArcSinh| ivh x|, -1] /
a Va

Problem 544: Result unnecessarily involves imaginary or complex numbers.

sz (c+dx+ex2+fx3) 4
X

(a+bx4>3/2

Optimal (type 4, 333 leaves, 10 steps):
x (ae+afx-bcx?-bdx®) d+a+bx? cxVJa+bx*

- +

2ab+/a+bx* 2ab 2ax/?(x/?+x/?x2)
s b x2) |—=2x  E11ipticE[2ArcTan[2Sx], L
f ArcTanh | - ] o« (ﬁ+\/_x ) e ipticE[2ArcTan| " ] 2]
2 b3/2 : 2334b34/asbxt .

(\/FC—\/FE) (\/?+\/sz) BEELELE S Ellip‘cicF[ZAr‘cTan[b X] ! /
(\/?+\/Fx2)2 at/t 2

(4 a¥*b%4/a+bx*

Result (type 4, 242 leaves):

ib Vb x?
Vb (becx?-a(d+x (e+fx +afi/a+bx* ArcTanh| ——| | -
Va | | < D) [\/m]
b x* e s . i+Vb .
vabc |1+ EllipticE i ArcSinh| x|, -1] +~a Vb (\/b c-i+a e)
a +a

b x* ivVb 1Vb
1. 2% EllipticF[i ArcSinh| = x|, -1] / 2a |~ p¥2 Jasbxt
a Va
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Problem 545: Result unnecessarily involves imaginary or complex numbers.

Jx<c+dx+ex2+1‘x3) 4
X

(a +b X4) 3/2

Optimal (type 4, 303 leaves, 7 steps):
x(af-bcx-bdx*-bex’) e+a+bx dx+a+bx?

+

2abarbx* 2ab 2av/b (Va +\b )
d(\/a+\/bxz)\/1;;}f2§:;:_EllipticE[ZArcTan[fiLX}, 1
2a3/4b3/44’a+bx4 )
a+bx?* b4 x 1
(\/Fdiﬁ-{:) (\EJr\/FXZ) _— EllipticF[ZAr‘cTan[ ], —] /
(Va + Vb x2) avt 2

(4a3/4 b>4+/a+bx*

Result (type 4, 197 leaves):
ivb
Va

va /b d 1+bx4 EllipticE[i ArcSinh| i\f x],—1}+\/?(\/yd—j\/?f)
\ a

ivb
2a b+/a+bx?*
\ Va

Problem 546: Result unnecessarily involves imaginary or complex numbers.

(bx* (c+dx) -a(e+fx)) -

a
4 .
1. 2 EllipticF[i ArcSinh| ivh x|, -1] /
a Va

c+dx+ex?+fx3
J dx

(a+bxt)>?

Optimal (type 4, 275 leaves, 4 steps):



202 | Mathematica 11.3 Integration Test Results for 1.1.3.8 P(x) (c x)™"m (a+b x”n)”"p.nb

exVa+bx* af-bx (c+dx+ex?)

- +

_Za\/F(\/?+\/FX2) 2ab+a+bx?*

o (\/?M/F)(z) \/%EllipticE[ZAr‘CTan[b;i;f}, i]

2a34b3%4/a+bxt
4 1/4
(Vo c-vae] (va-vbo] | — X ensptice[2arctan[ & %], 1] /
Va B )’ ave 2

(4 a*’/*p?*Ja+bx*

Result (type 4, 195leaves):

ivb
—af+bx (c+x (d+ex -
e (-a (cex(d+ex)))
b x4 L. . . ivb .
va Vb e [1+ EllipticE i ArcSinh]| x|, -1] +b (—]].\/FC-%—\/?E)
\ a

Va

4 . ,
1.+ 2% EllipticF[i Arcsinh| ivh x|, -1] / 2a |10y [aibe
2 v vE

Problem 547: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?+fx3
J dx

X (aerx“)E‘/2

Optimal (type 4, 323 leaves, 11 steps):
x (ad+aex+afx?-bcx’) c+/a+bx? fx+va+bx*
N

2a2+a+bx* 2a? Za\/F(\/?+\/FX2)
2 2 _asbx* s bY/4 x 1
cAr‘cTanh[llaJ;X ] f (\/?Jr\mx ) / Voo ) EllipticE[2ArcTan| " B 2]
222 ' 2a334b34asbx?t :

(\/Fdfx/a_f) (\/?Jr\/sz) % EllipticF[ZAr‘cTan[blij:(], E] /
(Va +v/b %) a 2

(4a5/4 b34+/a+bx*

Result (type 4, 225 leaves):
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4
; \/?b(CJ’X<d+x<e+":x))>—bC\/mAr‘cTanh[@]Jr
2a%2bVa+bx* NS

. s .

pae |1V [ X E11ipticE [i ArcSinh | ivh x|, -1] +
Va a Va

b (Vb d+iva ] |1+ EllipticF[iArcSinh| JHE x|, -1]

N EL
)

Problem 548: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?+fx3
J dx

x2 (a+bx“)3/2

Optimal (type 4, 344 leaves, 13 steps):

x(ae+afx—bcx2—bdx3> dva+bx* cva+bx?
+ - +

2a2varbx* 2a? atx
A/ a+bx*
34/b cxasbxd  dArcTanh[ X ] 1
2a2 (\/?+\/Fx2) 232 2a’”%+a+bx*
b 4 b1/4 1
36 c (Va + /b x?) | —— = —— Elliptice[2ArcTan[~—>], =] -
(\/?+\/Fx2)2 al 2

(3\/Fc+\ge) (\EJr\/FXZ) & EllipticF[ZAr‘cTan[b1/4x], E} /
(\/a—Jr\/FXZ)Z al/4 2

[4a7/4 b1/4 [a 4 bX4

Result (type 4, 245leaves):
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: 4
e ~2ac-3bextrax(dex (e« fx)) \de\/mAr‘cTanh[m}J N
Va _
4 .
3\/?\/ch\/MTEllipticE[ler‘cSinh[ lﬁ x], —1]—11\/?(—311\/Fc+\/?e)
@ a

b x* ivVb ivVb
x |1+ -2 EllipticF [i ArcSinh| = x|, -1] / 222 | =2 x\Ja+bx*
a v a +a

Problem 549: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?+fx3
J dx

x3 <a+bx4)3/2

Optimal (type 4, 367 leaves, 15 steps):
x(af-bcx-bdx*-bex?) e+a+bx* ca+bx
N _

2a2/a+bx4 2 a2 2a%x?
+Ja+bx?*
daibx®  3vb axvarbxd SATCTan[ T 1
a’x 222 (\/?+Wx2) 2a%2 2a’”%+a+bx*
b 4 b1/4 1
3pl/4d (\/?4,\/?)(2) a+—x2 EllipticE[2ArcTan| 1/4X}, =]+
(\/?+\/sz) a 2
b x4 b1/4 1
(3\/Fd+\/?f) (\/?+Wx2) e EllipticF[2ArcTan| %1, =] /
Vo o )’ e 2

(4 a’/* b4 \[a+bx*

Result (type 4, 259 leaves):

| Z
\/f bx* (2c+3dx) +a (c+2dx-x? <e+fx)>+\5exz\/mArcTanh[@] )
a a

4 .
3v/a Vb dx? /1+bx E1lipticE [i ArcSinh| lﬁ x], -1] -iva (-3iVb d++/a f|
a a

b x* iVb ivVb
2 [14 2% EllipticF[i ArcSinh]| Vb x|, -1] / 232 i 2[a+bxt
a Ja
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Problem 550: Result unnecessarily involves imaginary or complex numbers.

c+dx+ex?+fx3
J dx

x4 <a+bx4)3/2

Optimal (type 4, 387 leaves, 17 steps):
x(bc+bdx+bex?+bfx3) f+arbx* cva+bx* dvVa+bx?
N _ _

2a2'\/a+bx4 232 3aZX3 ZaZXZ
A/a+bx*
eva+bx* 3+/b exVa+bx? fArcTanh| Ja ] 1
. _ _
a%x 2 a? (\/?+\/Fx2) 222 2a’”*+a+bx*
a+bx* b4 x, 1 1
3bl/4e (\/;‘F'\/FXZ) - aror EllipticE[2ArcTan| 1, =]-
(Vo /B ) T T

a+bx?* o bl/4x, 1
bl/4 (5 Vb c-9+/a e) (\/a +b xz) ———————— EllipticF[2ArcTan| 1, =]
V7 B ) e

Result (type 4, 267 leaves):
ivb
Va
/ 4
3ax (d+x (2e-fx)) +3+/a fx®+/a+bx* Ar‘cTanh[aJr—bX]
4 .
9+/a Vb ex® |1+ bx EllipticE[i ArcSinh| ivb x|, -1] -
a \/?

4 ,
\/F(—Sj\/Fc+9\/;e> x3 1+bX EllipticF[i ArcSinh| iV x|, -1] /
a \/a_

1vb
6a’ iV x3/a+bx*
Va

2ac+bx* (5c+6dx+9ex2) +

Problem 557: Result more than twice size of optimal antiderivative.

81 + 36 x% +16 x*
J dx

729 - 64 x°

Optimal (type 3, 10leaves, 2 steps):
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1 2 X
— ArcTanh [ 7]
6 3

Result (type 3, 21 leaves):

1 1
-—Log[3-2x] + — Log[3+2x]
12 12

Problem 567: Result unnecessarily involves imaginary or complex numbers.

81 + 36 x%2 + 16 x*
J dx

(729 - 64 x°) 2

Optimal (type 3, 81 leaves, 8 steps):

3-4x 3+4 X
1 ) 1 . ArcTan [ = ] ) ArcTan [ 35} ) ArcTanh [ ZTX]
17496 (3—2X) 17496 (3+2X> 131223 13122+/3 8748

Result (type 3, 122 leaves):

1 36 x
157464 | 9 - 4 x2

+3 \E ArcTan [

w |

i ~ L l1oi/3)x]
(—1+\/?)X}+41\/?ArcTanh[3(1 \/?) ]

2 1
“34 Ar‘cTanh[—(x+1’1\/?x)]—9Log[3—2x]+9Log[3+2x]

{(aess) 3

Problem 583: Result more than twice size of optimal antiderivative.
c+dx1m
—dx
J (a +b X”) 3
Optimal (type 5, 46 leaves, 3 steps):

d ¢ x Hypergeometric2F1(3, i, 141, X

n a
+

72bn(a+bx”)2 al

Result (type 5, 108 leaves):

X (cedx i) a’n (-ad+bcx) L (-1+2n) X
b(a+bx")? a+bx"
) X 1 1 b x" 3
¢ (1-3n+2n?) xHypergeometric2F1[1, =, 1+ —, - ] /(Za n? (cx+dx"))
n n a
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Problem 590: Result unnecessarily involves higher level functions.

1+x3
J A 41/4d]X
(1-x*) (1+x%)

Optimal (type 3, 103 leaves, 10 steps):

ArcTan| e ] Ar‘cTan[i—)—l”‘a 1’/4} ArcTanh | 2V x ] Ar‘cTanh{(l*XA)w]

(1+x%) 1/4 21/4 (1+x7) 1/4 21/4

+

2 21/4 - 2 21/4 i 2 21/4 2 21/4

Result (type 6, 166 leaves):

| =

1
2x* AppellFi[1, =, 1, 2, -x*, x*]
4

/ ((—1+x4) (1+x*)* |8 AppellF1[1, =, 1, 2, -x*, x*] +

SN

1 5
x* |4 AppellF1|2, L’ 2, 3, -x*, x*| - AppellFi|[2, 2 1, 3, -x*, x*] )J +
21/4 X 21/4 X 21/4 X
2 ArcTan| (1+x4)1/"] - Log[1- 7(1“4)1/“] +Log[1+ 7(1“4)1/“]

4 21/4
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Summary of Integration Test Results

594 integration problems

A - 418 optimal antiderivatives

B - 17 more than twice size of optimal antiderivatives
C - 157 unnecessarily complex antiderivatives

D - 2 unable tointegrate problems

E - Ointegration timeouts



